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Abstract—In many real-world scenarios, data unreliability and
information-processing uncertainty seriously affect the credibil-
ity and reliability of artificial intelligence models. Probing a
valuable cognitive learning paradigm is crucial for supporting
and implementing the proposed artificial intelligence hypothesis.
Concept-cognitive learning (CCL), as an emerging cognitive
learning technology, investigates the knowledge-learning process
using limited data through the lens of concepts. However, the
existing CCL research has one prevalent disadvantage: instability
and complex cognition. Thus, this work focuses on constructing
an effective and interpretable cognitive learning paradigm for
acquiring knowledge. Inspired by a multi-granularity knowledge
representation, this paper proposes an adaptive and robust
fuzzy knowledge representation paradigm, namely granular-
ball concept-cognitive learning(GB-CCL). Unlike existing CCL
systems, GB-CCL is a non-parameter cognitive learning sys-
tem that achieves more accurate, faster adaptive capabilities
for concept learning. The concept acquired through cognitive
learning is structured conceptual knowledge, which is naturally
interpretable and robust. Finally, extensive experiments verify
that GB-CCL is an effective cognitive learning method with
significantly better performance than state-of-the-art models in
classification and robust learning.

Index Terms—Concept-cognitive learning, granular comput-
ing, granular-ball computing, fuzzy concept, knowledge discov-
ery.

I. INTRODUCTION

ESPITE the storm of artificial intelligence that has swept
Dthe world and deeply affected the development of all
walks of life, there are many tough and common problems
when different artificial intelligence methods encounter com-
plex scenarios, such as credibility, reliability, and interpretabil-
ity. Simulating human cognitive processes is fundamental in
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artificial intelligence and cognitive computing [1], [2]. In
exploring how to effectively cognitive and learning a thing,
granular computing(GrC) may be viewed as a novel, interest-
ing, and interpretable theory and technology. One emphasizes
observing, analyzing, and understanding things at multiple
granularities, perspectives, and levels [3]-[5]. Undoubtedly,
granular computing has become an active research direction
in artificial intelligence and cognitive computing.

Granular-ball computing(GBC) and concept-cognitive learn-
ing are two influential GrC studies on information processing
and cognitive learning, with different emphases. According
to Chen [6], "human cognition has the characteristics of
large-scale priority." Then, Xia et al. [7] proposed an effi-
cient, robust, and interpretable multi-granularity computing
paradigm, named granular-ball computing. One can depict the
distribution characteristics of the sample in the data space and
thereby improve the classification performance of rough sets
(RSs). Beyond the traditional RSs, the granular ball (GB) has
the advantage of being fast and accurate in data analysis. In
some sense, the GBC model can simultaneously express both
the classical and the neighborhood RSs, enabling it not only to
handle continuous data but also to use equivalence classes for
knowledge representation. Moreover, extended GBC models
have been investigated in many ways to address different
problem needs. For instance, papers [8] utilize the accurate
classification advantage of GB to propose the GB-KNN for en-
hancing the classification performance of KNN. GRRS is pre-
sented in the paper [9] to improve neighborhood RSs by taking
advantage of the adaptive learning of GB. Building upon
this, Xia et al. [10] further proposed an effective granular-
ball generation approach for general classification tasks. Cao
et al. [11] investigated GB-based open and continual feature
selection in dynamic environments. Li et al. [12] introduced a
granular-ball regeneration clustering method grounded in the
principle of justifiable granularity.

Concept-cognitive learning is the science of cognition and
learning things via concepts [13]-[15]. As we all know, the
concept is the basic unit of thought underlying human intel-
ligence and communication, and the cognitive and learning
concepts are important issues for studying granular comput-
ing and artificial intelligence [16], [17]. Currently, concept-
cognitive learning, an emerging artificial intelligence method
for concept learning and knowledge discovery, has received
much attention. For instance, Li et al. [18] analyze the concept-
learning mechanism from a cognitive psychology principle.
Shi et al. [19] establish an incremental CCL model for classi-
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fication tasks. Niu et al. [20] put forward a parallel computing
method for concept-cognitive learning. Shi et al. [21] proposed
a concurrent CCL method. Zhang et al. [22] studied CCL
based on attribute topology. Deng et al. [23] offered a multi-
conceptual information acquisition for hierarchical classifica-
tion. Lin et al. [24] analyzed a concept reduction from a
global relevance and redundancy viewpoint. With the in-depth
study of CCL in knowledge modeling and method application,
some researchers are concerned that it can be combined with
machine learning to broaden the research horizon of this theory
further. In recent papers, Mi et al. proposed a fuzzy-based
CCL model [25] and a semi-supervised CCL method [26]. Guo
and Xu successively put forward a series of CCL models for
complex data analysis, such as two-way CCL [27], memory-
based CCL [28], and fuzzy-granular CCL [29], etc. In addition,
Wang et al. [30] proposed a multiview CCL framework that
integrates high-order information fusion of fuzzy attributes.
Liu et al. [31] further explored a stochastic CCL model for
missing multi-label learning. In some sense, CCL aims to
explore accurate and effective mechanisms for knowledge
discovery through cognitive and learning concepts.

Following the no-free-lunch theorem, we find that al-
though both are popular intelligence information-processing
approaches, they have unavoidable deficiencies: GBC sac-
rifices precision for speed, and CCL sacrifices speed for
precision. In this sense, a fruitful marriage of the two may
be a good choice for knowledge discovery, as it can help
eliminate mutual deficiencies. From an extender view of CCL
and GB, we built a granular-ball concept cognitive learning
by introducing the granular-ball, three-way concept analysis
to the cognitive concept process for high-efficiency exploring
knowledge from complex data. The main idea of this work
is three-fold: 1) the granular-ball in a fuzzy decision formal
context, 2) the justifiable granular-ball generation for concept
learning, and 3) the label prediction based on concept recog-
nition. By doing so, GB-CCL achieves highly accurate classi-
fication and significantly outperforms its peers. Furthermore,
we summarize the main contributions as follows:

e It proposes a novel and adaptive granular-ball concept-
cognitive learning framework for fuzzy knowledge repre-
sentation in classification tasks, namely GB-CCL. Extensive
experiments demonstrate the robustness and effectiveness of
the proposed GB-CCL method.

e It introduces a fuzzy three-way concept learning mecha-
nism based on granular balls in a fuzzy decision formal context
to improve the robustness of concept learning, which leverages
granular-ball computing and three-way concept analysis to
enhance the robustness of the GB-CCL.

e It designs a justifiable granular-ball generation model for
concept learning to acquire structured conceptual knowledge
from complex data. Beyond the traditional CCL, GB-CCL
enables fast and adaptive acquisition of structured conceptual
knowledge.

o It builds an effective label-prediction method based on the
fuzzy three-way concept center in the concept-cognitive pro-
cess, thereby enhancing the concept recognition performance
of fuzzy data.

The remainder is organized as follows: Section II revisits

several necessary notions for GB-CCL. A granular-ball con-
cept learning mechanism is introduced in Section III. The
proposed GB-CCL method is shown in Section IV. In Section
V, the experimental analysis is reported, and then this paper
is concluded in Section VI for further investigation.

II. PRELIMINARIES

Considering that the proposed GB-CCL is based on the
ideas of concept-cognitive learning and granular-ball comput-
ing, this section briefly reviews some basic knowledge with
regard to them. A more detailed description can be found
in the corresponding references [10], [27], [32]. As is well
known, the standard CCL methods cannot tackle continuous
data directly, and the fuzzy-based CCL is a straightforward
approach to discovering the knowledge embedded in con-
tinuous data. Nevertheless, in the real scenario, many tasks
are described with numerical(or fuzzy) data, especially in
classification problems. Hence, throughout this paper, we will
consider a fuzzy formal context to build the model.

A quintuple (G, M, I, D, J) is a regular fuzzy decision for-
mal context, where (G, M, I) and (G, D, J) are, respectively,
a conditional formal context and a decision formal context.

o G={z1,22,...,2,} is a nonempty set of objects.

o« M ={ai,az,...,an} is a nonempty set of attributes.

o [:GxM — [0,1] is a fuzzy relation on G x M, where
I(x,a) denotes the fuzzy membership degree of x with
respect to a.

e D = {dy,ds,...,d;} is a decision label set, which
induces a decision partition G/D = {D, Da,...,D;},
where D; = {z € G| J(x,d;) =1}, i=1,...,1,.

e J:Gx D — {0,1} is a binary relation between objects
and decision labels.

A. Concept-cognitive learning system

Let 2¢ and 2P be two power sets of G and D, I'™ is the set
of all fuzzy sets on M. Suppose that F : 2¢ — T'M and P :
'M — 2C are two set-valued mappings. For simplicity, they
are rewritten as F and P, respectively. For any X, X C G
and B € '™ the pair F and P is called cognitive operators,
if the following statements hold:

D X CXp = F(X2) € F(X0);

2) ‘F(‘Xl U XQ) - ]:A(,Xl)AO .F(XQ);
3) P(B) ={x € G|B C F(x)}.

Definition 1. Let FC = (G, M, I, D, J) be a fuzzy decision
formal context, for any X C G and B € I'M, the cognitive
operators F and P can be defined as follows:

F(X)(a)= N I(z,a),a € M, (1)
P(B) = {z € G|B(a) < I(z,a),Va € B}. 2)

Generally speaking, F and P _are called a pair of positive
cognitive operators. A pair (X, B) is called a fuzzy concept if
F(X)= Band P(B) = X, where X and B are referred to as
the extent and intent of the fuzzy concept (X, B). Similarly,
the negative cognitive operators can be defined as follows.
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Definition 2. Given a fuzzy decision formal context F'C =
(G,M,I,D,J), for any X C G and B € I'M | the negative
cognitive operators F~ : 26 —TM and P~ : TM — 2¢ are

defined as:
F(X)a)= \ I (z.0),a€ M, 3)
P~ (B) = {z ;€2|J§(a) < I (z,0),Ya€ B}). ()
where I= = {< (z,a),1 — I(x,a) > |(z,a) € G x M}

denotes the complement of I(x,a), representing the non-
membership degree of object x with respect to a.

Definitions 1 and 2 show that the positive and negative cog-
nitive operators describe the cognitive process between objects
and attributes. Meanwhile, some studies [28], [32] combine
these two into a unique cognitive operator for simultaneously
expressing positive and negative information.

Definition 3. Given F'C = (G, M, I,D,J), forany X C G
and 31 Bg € TM xT'M  the fuzzy three-way concept cognitive
operator FV 126 5 TM xTM gnd PV :TM x TM _ 2G
are defined as:

FY(X) = (F(X),F (X)), )
PV (B, B2) = P(B1) NP~ (Ba). ()

Then, (X, BhB) is called a fuzzy three-way concept
it FV(X) = (By,B,),PY(By,B,) = X. More details on
fuzzy concept or fuzzy three-way concept can be found in
references [25], [32], [33].

B. Granular-ball computing

Granular-ball computing, an important extension of neigh-
borhood rough sets, provides a new multi-granularity com-
puting framework for characterizing data distribution using a
pair of radius and center. Thus, it is necessary to introduce the
notion of the neighborhood granular in this subsection.

Given FC = (G,M,I,D,J), for any x € G and B € T'™,
the neighborhood granular of x with respect to attribute subset
B C M is defined as:

dz(x) = {a' € G|dis(x,2") < 6}, (7

where dis(z,2") = /3,5 11(z,a) — I(2/,a)|? and || - ||
denotes the 2-norm, ¢ > 0 is a distance threshold.

Although the neighborhood relationship can be defined by
a radius that captures the similarity between any two samples,
selecting a radius is also a significant challenge, particularly
in terms of flexibility and generalization. A granular ball,
however, can overcome this challenge by defining a center
and a radius.

Compared with the neighborhood granular, the significant
advantage of GBC is that each granule can be generated
adaptively based on the data distribution, and the radius does
not need to be set in advance. The radius equals the average
distance from all instances in the granular ball to its center,
and the radius can also be set as the maximum distance.
Hence, a granular ball with a center and radius can be used
as input to the learning strategy or as precise measures to
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Fig. 1. Granular ball generation process in [10].

represent the sample space in a fuzzy decision formal con-
text, thereby achieving multi-granularity cognitive computing
characteristics and accurately describing the instance space of
data. Besides, granular-ball generation is another important
issue of GBC. As analyzed in paper [10], GB generation
can be incorporated into GBC to enhance the classification
performance. A detailed granular-ball generation process can
be found in Fig. 1.

III. GRANULAR-BALL CONCEPT LEARNING

This section presents new notions and the related theoretical
analysis of the granular-ball concept in fuzzy decision formal
contexts. Motivated by GBC and CCL, we offer a granular-ball
concept learning model that integrates the merits of granular-
ball, fuzzy three-way concept, and concept learning.

A. Granular-ball in fuzzy decision formal context

Generally speaking, fuzzy concept learning is more de-
pendent on initial information, such as a granular concept
learning based on object-oriented information was offered
in [25], a progressive fuzzy concept according to neighbor-
hood information granular was proposed in [32], and a fuzzy
concept learning via cosine similarity granular was studied
in [28]. Meanwhile, to enhance the effectiveness of GB-CCL,
this subsection primarily defines a novel information granule,

e., the granular-ball. Building on this thought, we present
a granular ball concept learning for the subsequent concept-
cognitive process, which can be described as follows.

Definition 4. Let GBs = {GBl, GBas,...,GB,} be a set of
granular-balls. For any GB k avsoczated wzth Dy, its center
¢, radius r;, and purity Pur(GBZD’“) are defined as follows:

GB?k:{xerHf ) —cil |2 < midy ®)

¢ = |GBD’“\ Z Fla ©)
£4S]

GB
"= 2, VIFE el
GGB

max |GB’* N D;|

1<j<k

(10)

Pur(GBP*) = ) (11)

|GB¥|
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where | - | denote the cardinality of a set.

Definition 5. Ler SP* = {GBP* ,GBY*,... GBP*} be a
set of granular balls associated with Dy, where s = |SP*|. We
say that SP* is a granular-ball subspace of Dy, if the following
properties hold:

1) VGBP* € 8Pk, GBP* £ .

2) VGB;* € 8Px, GB* C Dy,

3) U, GBP* = Dy.

4) min |SPx|, s.t. items 1) and 2) hold.

As indicated in definitions 4 and 5, we only consider the
basic form of GB for a fuzzy decision formal context, and
a more concrete agenda for GB generation is presented in
Section IV. Furthermore, as discussed above, we can learn
concepts using the granular-ball and cognitive operators.

B. Fuzzy three-way concept based on GB

As analyzed in [27], [28], [32], the effectiveness of the
three-way concept lies in its emphasis on simultaneously
characterizing information from both positive and negative
perspectives, so three-way concept analysis can be incorpo-
rated into a CCL model to improve its accuracy in describing
cognitive processes, especially in a fuzzy environment. Fol-
lowing this principle, we incorporate the granular-ball into the
concept learning with the fuzzy three-way concept to model a
novel fuzzy concept learning mechanism.

Theorem 1. Given FC = (G,M,I,D,J) and SP+ =
{GBP* GBP*,... GBPr} s =1,2,..., |D%with G/D =
{Dy,Da,....,Di} on FC. For any GB;* C Dy,
(PF(GBP*YnP~F~(GBP*), (F(GBP*), F~(GBP*))) is
a fuzzy three-way concept.

Proof: To prove this theorem, one can divide it into two
steps:

1) prove PY(F(GBP*), F~(GBP"*"))
P-F(GBP*) is valid;

2) prove FY(PF(GBP*) n P F (GB%)) =
(F(GBP*), F~(GBP*)) is valid.

¢ For 1), according to definition 3, we have

PF(GB*) N

PY(F(GBP*), F~(GBP*)) = PF(GBP*)nP~F (GBP*).

o For 2), according to definition 2, we further obtain
PF(GBP*) NP~ F (GBP*)

={y € Di|I(y,a) > Npeappr 1(0,a), a € M}

N{y € Dp|I" (y,a) > /\oeGB.Dk I (o,a),a € M}

={y € Dill(y,a) 2 \ _,zoi 1(0,0),a € M}
N{y € Di|l =T (y,a) <1— /\Oevff(o,a)ma e M}
—{y € Dull(y.a) > A,_, o L(0ra),0 € M}

Ny € Dull(y,0) £V, pyon 1(0,0),0 € M}

= {y € DilA, yponll0a) < I(y,a)

voEGB.D’" I(o,a),a € M}.

"llhus,jor any a € M, we have
F(PF(GBP*YNP~F (GB"*)(a) = A\
F(GBP*)(a).

Meanwhile, for any a € M, we obtain
PF(GBP*) n P F (GBP*¥) =

IA

I(o0,a)

OGGBiD’C

{y €

4

Gil Ayegpre I (o)} < I (y,a) <
ia ~ ~

Voegprr I (0,0)a € M}, F~(PF(GB*) n

P-F(GB))(a) =

F~(GBP*)(a).
Hence,

FY(PF(GBP*nP~F (GBP*)) =

/\OeGB_Dk 1" (0,a) =

By combining 1) and 2), this theorem is proven.

Based on Theorem 1, we can obtain structured conceptual
knowledge by defining a new fuzzy concept, the granular ball,
from both positive and negative perspectives. In this way, the
fuzzy three-way concepts learned have the advantage of being
more robust and precise than the way in [13], [25], [28], [32].
And then, we can build the corresponding fuzzy three-way
concept space as follows.

Definition 6. Let S+ = {GBP* GBY*,... GBPr}(s =
1,2,...,|Dx|) be a granular-ball subspace on FC. The fuzzy

three-way concept subspace GP* based on granular-balls is
defined as:

G = {(PF(GBP*) NP F~(GB), (F(GB),

F~(GBP*))|GBP* € 8Px}. (12)

Theorem 2. Let SP* be a granular-ball subspace of Dy, and

GP* be the corresponding fuzzy three-way concept subspace
constructed from SP*. Then the following property holds:

1<|GPH < ISPx. (13)
Proof: The proof can be divided into four cases:
1) If |SP*| = 1, i.e., Dj, contains only one granular-ball,

then the fuzzy three-way concept subspace generated
from it has exactly one concept. Thus, |GP*| = 1.

If |SP*| > 1,i.e., Dy, contains multiple granular-balls and
for each x € Dy, there exists at least one GBZ»D’“ € SPx
such that x € GBiDi, then at least two concepts will be
generated. Hence, |GP*| > 1.

If exist GB*,GB}* € SP* such that (PF(GB/*)n
P-F(GB/*),(F(GB*), F~(GBI*))) =
(PF(GB*¥) N P~F(GB/*),(F(GB*),F~(GB/*)))
then two different granular-balls generate the same fuzzy
three-way concept, and thus |GP*| < |SPx|.

If for all GB*,GBP* € 8P+ with i # j, their
corresponding concepts are distinct, then each granular-
ball generates a unique concept, giving |GP*| = |SP*|.

2)

3)

4)

By combining 1), 2), 3), and 4) this theorem is proven.

By theorem 1 and definition 6, we obtain the fuzzy
three-way concept based on GB_via two pair of cogni-
tive operators(i.e., (F,P) and (F~,P7)), and then G =
{GPr,GP2 ... GPi} is established, in which the GB is the
initial information granular for fuzzy three-way concept learn-
ing. Unlike [27], [28], [32], using GB as information cues can
characterize data distributions faster and has the advantage of
no parameters.

IV. THE PROPOSED GB-CCL METHOD

Based on the above discussion, this section first presents
the proposed GB-CCL, which uses granular balls for initial
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concept learning. Then it discusses a new label-prediction
method within the concept-cognitive process. Furthermore, we
also summarize the overall procedure for GB-CCL.

A. Justifiable granular-ball for concept learning

Note that definitions 4 and 5 only give the general form
of the GB and GB subspace and do not discuss how to
generate a justifiable GB and its GB space in a fuzzy decision
formal context. Thus, this subsection is necessary to propose
an initial granular-ball generation for concept learning in a
fuzzy decision formal context.

Given  a fuzzy decision formal context FC
(G,M,I,D,J), where G/D = {Di,Da,...,D;}, the
justifiable granular-ball generation method consists of four
parts: initialization, update of granular divisions, granular-ball
generation, and concept learning.

o Initialization: Randomly select [ objects in different
decision subspaces as the initial granular center set Co =
{c1,¢2,...,c1}(¢; € D;). For each center ¢;, define the initial
granular division as

divo(c;) ={r € G| ¢; = arg min ||z — ¢ }.
CJ'ECO

(14)

Each divg(c;) is called an initial granular diversion of G.

e Update granular division: At the w-th granular division,
for any div,,—1(c;),i = 1,2,...,1 in the last granular division
process. If div,_1(c;) is pure (all objects have the same
decision label), stop dividing: Div’, = div, _1(c;). Otherwise,
divy—1(c;) is impure with h different classes. Keep the
original center ¢; and randomly select 2 — 1 objects from other
classes as new centers C’ZU = {c1,...,cp}. Update the granular
division as

divy,(cj)

= {z € divy_1(ci)|c; = argmin, e
j=1,2,.. k.

Repeat until all granular divisions are pure or satisfy a given
purity threshold.

e Granular-ball generation: Let the final granular centers
and corresponding granular division are C' = {c1, ca,...,cy}
and Div = {div(c1), div(cz), ..., div(cs)}, respectively. The
decision label of each granular division is given by DivLab =
{D(e1),D(c2),...,D(cy)}. Then, the granular balls induced
by Div are generated based on the granular centers and radius,
which could be described as follows:

1

Ti = T3 7 1 T — G |2’ (10
|div(c)] eiz() o

GBP“) = {2 € D(c;)|dis(x,ci) < ri}. (17)

Then, the quadruple (c;, 4, GBZ-D(C"),D(CZ»)) is called a jus-
tifiable granular ball, and the justifiable granular-ball space is
B= {(Ci,Ti,GBiD(Ci)7D(Ci>>,i =1,2,...,f}.

e Concept learning: The granular ball concept learning
could be characterized based on the above justifiable granular-
ball generation. For any (ci,ri,GBf(ci),D(ci)) € B, the
fuzzy three-way concept on this granular ball is defined as
follows:

FY(GBP ) = (F(GBP“)), F~(GBY)), (8
PY(F <GBD<C ), F(GBP“))) = P(F(GBP )
NP~ (F~(GBP)Y). (19)

|z — cxll},
BSihat B = {(cs,r,GBP), D(ci)),i = 1,2,...

Then, its fuzzy three-way concept subspace GP* can be
constructed as follows.

GP = {(PF(GB]“))nP-F(GB]),

(F(GBPCNF~(GBP ) |GBP“) € Dy} (20)

Finally, the complete fuzzy three-way concept space is G =
{ng QD2 ...,ng}.

Remark: Compared with existing granular-ball methods, this
justifiable granular-ball generation approach effectively re-
moves boundary and noisy samples, and leverages the resulting
granular-ball clusters as adaptive information granules for
fuzzy three-way concept learning.
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Fig. 2. Justifiable granular ball generation process. (a)-(f) depict the splitting
process at different steps. Compared with the existing approaches that utilize
class centers as representatives for subsequent learning in [10], the proposed
method removes boundary and noisy samples and leverages the resulting
granular-ball clusters as adaptive information granules for concept learning.

After the above four steps, we obtain the justifiable
granular-ball generation method for concept learnmg Note
f} and
Q = {ng gDz ...,(]D’} are necessary elements in label
prediction at the concept-cognitive processes. A diagram of
the GB generation process is shown in Fig.2.

The time complexity of the granular-ball generation phase
(Lines 2-18) mainly depends on the number of decision
classes [, the refinement iterations ¢, the number of objects
n, and the feature dimensionality m. Since each refine-
ment involves distance or similarity computations in the m-
dimensional space and scans the involved objects at most once,
this phase requires O((I — 1)¢nm) time in the worst case.
The justifiable granular-ball representation further introduces
an additional cost of O(km) by computing the center and
radius of the k granular balls. In the fuzzy three-way concept
learning stage (Lines 19-24), each object is processed only
within its corresponding granular ball, leading to an intent
learning cost of O(nm). The context learning incurs O(knm)
due to comparisons between k granular balls and n objects.
By retaining the dominant terms, the overall worst-case time
complexity of Algorithm 1 is O(((I — 1)t + k)nm).

B. Label prediction in concept-cognitive process

In concept-cognitive learning, we strive to develop an ef-
fective conceptual model with satisfactory classification per-
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Algorithm 1 Justifiable granular-ball generation for concept
learning

Input: A fuzzy decision formal context F'C = (G, M, I, D, J).
Output: Granular-ball space B, fuzzy three-way concept space G.
1: Initialize B =0, G = 0;

2: for each Dy, € G/D do

3: Initialize ng = (), Divg = 0;

4: Randomly select one object from each decision class in G/D
as the initial granular center set
C():{Cl,Cg,...,qg/D‘}, ¢ €D,
5 for all ¢; € Cy do
6: Compute divo(c;) according to Eq.(14);
7: if divo(c;) C Dy, then
8: Divg < Divo U {divo(cs)};
9: else
10: Update divo(c;) according to Eq.(15);
11: end if

12: end for
13: for all div(c;) € Divoy do

14: Compute the granular-ball radius r; according to Eq.(16);
15: Generate the granular ball GB; D(es) according to Eq.(17);
16: B« BU{(c,ri, GBP), D(c))}:

17: end for

18: end for

19: for all GB] ) € B with D(¢;) = Dy do
20: Construct a fuzzy three-way concept (X, (A1, Az2)) accord-
ing to Egs.(18) and (19);

21: Construct a fuzzy three-way concept subspace G* according
to Eq.(20);

22 GPE  GPRU{(X, (A1, A2))};

23: end for

24: G+ GU{GPr};
25: return B and G.

formance, yet the actual situation is often less than ideal.
Hence, pseudo-concepts [25] and progressive concepts [13],
[32] are a great way to recognize fuzzy concept ontologies.
Effective concept recognition requires concepts with high
representation. Consequently, a label-prediction strategy is
proposed in this subsection to identify objects effectively.

Definition 7. Let B = {(ci,Ti,GBD(C ,D(c)), i =

1,2,...,f} be a granular ball subspace and (73.7-"(GBD(c ))
NP~ F=(GBP“)), (F(GBP“)), F=(GBP“)))) be the
D(c;)

fuzzy three-way concept induced by G B;
and negative centers are defined as follows:

. Then, its positive

Zzepv(f(GBD(‘ ), F- (GBD“”))]E( z) )1
aBPd) PV ]: GBPE F-(aBPed) » 2D
i IPY( i), F(EBTT)
. _ Zzepv(f(GBD(c i), F- (GBD(”)))]:_(m) -
epPled) T v D(c;) D(e;) 22)
[PY(F(GBY ), F-(GB]))]
where C;FB p(e; and C&B p(e;) denote the positive and nega-

tive centers of the fuzzy three-way concept, respectively.

Definition 8. Let o be a newly input object with fuzzy member-
ship degree F+(0) and non-membership degree F~(0). For

any fuzzy three-way concept induced by GBiD (Ci), the fuzzy
three-way concept recognition degree is defined as:
Rwdmm:¢Wﬂ®fq;%MPHFﬂ®fQ£mJL

where || - || denotes the 2-norm. This measure quantifies the
distance of object o from the positive and negative centers of
the fuzzy three-way concept.

Algorithm 2 Label prediction in concept-cognitive process

.G},

Input: Fuzzy three-way concept space G = {GP1,GP2, ...
newly input object set AG

Output: R; p, and predicted label Dy,

1: for all 0o € AG do

22 Obtain (F*(0),F (0)):
3 for all G+ ngo
4: Initialize R}, p, < +o0
D(C’L) ~Dk
5 for all GB; € G-k do
6 Compute positive center C P and negative cen-
ter C’ P according to Eq.(21) and Eq (22);
7: Compute concept recognition degree:
— T + - -
mmgm—Wow%¥MWWf@f%fmu
8: if R GB?(F‘) < RD Dy, then
9: o,Dk — RO,GB-D(Ci)’
10: end if '
11: end for
12: end for
13: Predicted label: Dy, < argminp, R; p,
14: end for

15: return R; p, and Dj.

Intrinsically, the recognition value R, p(c,) of a fuzzy three-
way concept reflects the similarity between the two concepts.
In other words, the greater the value of R, the smaller
the relationship between the two concepts. Thus, for any
newly input object o characterized from positive and negative
information, we can calculate the concept recognition between
(0,(FT(0), F~(0))) and any concept in the fuzzy three-way
concept space according to definition 8. Likewise, we can also
calculate a global minimum concept recognition by pairwise
comparison and then predict its label, denoted by Dp* =
arg minp, R, p(c,)- The detailed procedure is presented in
Algorithm 2. In the concept center computation at Line 6, each
object contributes to only one corresponding concept center,
resulting in a time complexity of O(nm). In addition, the
concept recognition process (Lines 7-8) compares the newly
added objects in AG with the existing k£ concepts under m
features, leading to a complexity of O(k|AG|m). Therefore,
the overall worst-case time complexity of Algorithm 2 is
O((n + k|AG|)m). By combining Algorithms 1 and 2, the
total worst-case time complexity of the proposed method is
O((((l —Dt+k)n+ k|AG|)m).

C. Overall procedure

As illustrated in Fig.3, the overall procedure of GB-
CCL consists of three stages: 1) justifiable granular-ball
generation, 2) granular-ball concept learning, and 3) label
prediction in the concept-cognitive process. From the dis-
cussions mentioned above, a justifiable granular-ball space
B = {(ci,ri,GBiD(ci),D(ci)),l =1,2,..., f} generation is
a vital step in GB-CCL. In this process, we characterize a GB
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Stage I: Justifiable
granular-ball generation

Fig. 3. The overall procedure of the proposed GB-CCL.

adaptive learning method based on decision division G/D,
where information granulation is achieved by splitting granular
divisions from large to small, resulting in a generated GB that
exhibits fast and accurate characterization of data distribution.

Furthermore, we make full use of the justifiable GB
learned in the first stage to carry out concept learn-
ing, in which a pair of positive and negative cogni-
tive operators(i.e., (F*,P1),(F~,P7)) are used to dis-
tribute knowledge acquisition from two perspectives of pos-
itive information and negative information so as to obtain
structured conceptual knowledge, i.e., acquire fuzzy three-
way concept based on GB and the corresponding fuzzy
three-way concept space(i.e., GPr = {(P}'(GBD’“)
P~F~(GBP"),(F(GBP*), F~(GB/*)))|GBP* € SP+})
for concept recognition in the subsequent stage.

Finally, we design a concept recognition mechanism based
on a concept center(i.e., C P and C P ,) for label

prediction in the concept-cogmtlve process "In this stage,
we can describe its positive and negative information(i.e.,
(F*(0), F(0))) and then identify it with the concept in the
fuzzy three-way concept space G = {ng GP: . ng}
where the label of the concept with the smallest recogmtlon
degree is our prediction label for the new object.

V. EXPERIMENT ANALYSIS

In this section, we design various numerical comparative
experiments compared with other approaches on the public
datasets. In the subsequent experiments, we aim to answer the
following research questions(Rqs): Rql: Does the proposed
GB-CCL method outperform related state-of-the-art peers?
Rqg2: What are the differences between GB-CCL, GB, and
other CCL mechanisms? Rq3: How does the new viewpoint
influence the robustness of GB-CCL?

A. General settings

1) Datasets: To evaluate the performance of our GB-CCL
model, we chose 15 public datasets from the UCI Machine
Learning Repository ' to make comparisons, and detailed
information about them is shown in Table I. Meanwhile, all

Thttp://archive.ics.uci.edu/ml/datasets.php

Stage 11: Granular-ball
concept learning

Stage I11: Label prediction |/ Cognitive

in concept-cognitive process K results )

the experimental datasets are fuzzified into the interval [0, 1],
and they are first fuzzified according to the following equation.

f(z,a) = min(f(a))
maz(f(a)) —min(f(a))’
where the f(x,a) denotes the value of object 2z under feature

a, the maz(f(a)) and min(f(a)) are the maximum and
minimum values of all objects on feature a.

I(z,a) =

TABLE I
BASIC DESCRIPTION OF 15 SELECTED DATASETS

No. Full ;?:rf;et ADbrc. Sample Feature Class Area

D1 Cardiotocography Card 2126 21 3 Life Science
D2 Dermatlogy Derma 366 35 6 Life Science
D3 Dry Bean DryB 13611 17 6 Computer Science
D4 FrogsMFCCs Frogs 7195 23 60 Other field
D5 Magic Magic 19020 11 2 Physical Science
D6 Mice Protein Expression MiPE 1077 69 8 Life Science
D7 Movement Move 360 91 12 Other field
D8 Parkinsons Park 195 23 2 Life Science
D9 Seeds Seeds 210 8 3 Life Science
D10 Segmentation Segm 2310 19 7 Other field
D11 Wine Quality White WiQW 4898 12 11 Business
D12 Colon Colo 62 2000 2 Life Science
D13 Leukemia Leuk 72 7130 2 Life Science
D14 Lung Lung 203 3312 5 Life Science
D15 Yale Yale 165 1025 15 Computer Science

2) Baselines: To enhance the convincing experimental
comparison, we compare GB-CCL with 11 representative
state-of-the-art peers. These baselines include the multi-layer
ensemble evolving fuzzy inference method(MEEFI) [34],
fuzzy edited nearest neighbor classifier(FENN) [35], semi-
supervised optimal margin distribution machine(ssODM) [36],
random forest model(RF) [37], weighted fuzzy concept-
cognitive learning(WFCCL) [38], memory-based CCL for
fuzzy context(M-FCCL) [28], robust fuzzy-based concept-
cognitive learning(R-FCCL) [39], granular-ball K-nearest
neighbor classifier(GB-KNN) [8], concept-cognitive learning
with collaborative multiscale(CM-CCL) [40], and clustering
method with granular-ball(GBCT) [41]. In addition, five abla-
tion experiments are carried out to illustrate the effectiveness
of the similarity measures, granular ball generation, concept
learning, and prediction mechanisms.

3) Experimental designs: As introduced above, extensive
experiments were conducted to evaluate the performance of
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the proposed GB-CCL model against competing methods.
Specifically, to reduce the randomness of the evaluation re-
sults, 10-fold cross-validation is employed for each dataset
and the compared method for a fair comparison. All the
parameter settings are consistent with their corresponding
references. Meanwhile, five evaluation measures, including
Accuracy("1"), Precision("1"), Recall("1"), F1-score("1"), and
Concept learing time("|") are selected to make comparison
from different perspectives, where "1" and "|" indicate "larger
the better" and "smaller the better". Moreover, to further
illustrate the robustness of GB-CCL in a noise environment,
each data is randomly added noise from 2% to 18% with a
step of 2% for classification evaluation. All algorithms are im-
plemented on a public computer with OS: Microsoft WIN10;
Processor: Intel(R) Core(TM) 17-6800K CPU @ 3.4GHzl12;
Memory: 62.7GB; Programming language: MATLAB2020a.

B. Performance comparison(Rq.1)

To demonstrate the superiority of GB-CCL in the classifica-
tion task, we compare it with eleven representative methods in
this subsection. The detailed results are recorded in Tables II-
V, where Ave denotes the average performance, and all the ex-
cellent results are bold. On D14, CM-CCL did not finish within
the allowed runtime and is denoted as "——". Meanwhile, for a
clear comparison, average values and ranks of these compared
methods are shown in Fig.4. From these comparison results,
we have three main observations as follows:

140
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Fig. 4. Average results of GB-CCL and other eleven representative methods.

e The classification results of accuracy, precision, recall, and
F1-score for the proposed GB-CCL method are obviously su-
perior to other methods(i.e., MEEFI, FENN, ssODM, WFCCL,
CM-CCL, GBCT, GB-CCLF) on the tested data. Concretely,
the ranks of GB-CCL versus the selected comparison methods
also show that our method has an obvious advantage in
classification problems.

e Note that the proposed GB-CCL method achieves the
maximum average values and minimum rank of four ex-

perimental indexes on 15 datasets, illustrating its excellent
performance in classification tasks.

e Particularly, the ssODM is invalid for classification on the
WiQW dataset and has poor performance in the Frogs dataset.

Moreover, to examine whether the classification perfor-
mance differences among the compared methods are sta-
tistically significant, Friedman’s test [42] is employed at a
significance level of P = 0.05. The null hypothesis states
that all methods perform equally, which is rejected when the
p-value is smaller than the predefined threshold. Specifically,
the p-values for accuracy, precision, recall, and Fl-score are
4.61 x 107, 9.31 x 107, 6.64 x 1073, and 3.40 x 10716,
which is far lower than 0.05, indicating there has a significant
difference among compared methods.

CD

CD D,

12111 7 4
1210987654321 .[.P??. 321
ssoom—i_ LQB{:QL $5ODM—— LQB-CCL
GBCT GB-CCLF ~ MEEFI GB-CCLF
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MEEFT L——RFCCL _ GBCT ENN
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GB-KNN CM-CCL  GB-KNN RF
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GB-KNN CM-CCL  GB-KNN M-CCL

(c) Recall (d) Fl-score

Fig. 5. Nemenyi test on GB-CCL and eleven representative methods.

Based on the above results, Nemenyi’s post hoc test [43] is
further conducted to assess the pairwise differences between
GB-CCL and each baseline. The results are illustrated in
Fig. 5. At the significance level of P = 0.05, the critical
difference(CD) value is 4.3025 with N; = 15 datasets and
N,,, = 12 methods. As shown in the figure, GB-CCL achieves
the highest overall rank and is significantly better than the
other 7, 6, 7, and 8 methods in terms of accuracy, precision,
recall, and F1-score.

C. The differences between the GB and other CCL(Rq.2)

In this subsection, we provide a further analysis by compar-
ing our method with GBC models and other CCL approaches
in classification performance and concept learning time.

1) Comparison of classification performance: The classifi-
cation results of comparing seven concept-cognitive learning
and granular-ball computing methods are summarized in Ta-
bles II-V. Meanwhile, the classification accuracy of ablation
experiments is also shown in Table VI. From these results, we
have three main observations as follows:

e Our proposed GB-CCL method achieves higher
accuracy/precision/recall/F1-score than two granular-ball com-
puting methods(GB-KNN and GBCT) and five concept-
cognitive learning models(WFCCL, M-FCCL, R-FCCL, CM-
CCL, and GB-CCLF) in most cases. Concretely, the ranks of
GB-CCL versus the selected comparison methods also show
that our method is obviously superior to others.

e Compared with the granular-ball concept-cognitive learn-
ing without fuzzy concept, ie., GB-CCLF, our method
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TABLE I

CLASSIFICATION ACCURACY (%) COMPARISON WITH OTHER ELEVEN POPULAR METHODS ON 15 DATASETS

No.s MEEFI FENN

ssODM RF WFCCL M-FCCL R-FCCL GB-KNN CM-CCL GBCT GB-CCLF GB-CCL

DI 80.76+1.91 80.5742.70
94.5549.85 84.68+5.70
13.7941.21 71.9340.96
15.3716.44 86.394+1 52
35.1640.82 80.80+0.76
32.6049.84 93.7842.36

11114454 69.1715.12

46.90+3.39 76.7114.27
30.5944.70 89.34 15 54
14.8940.60 88.414+0.82
0.7240.32 0.85+0.27
64.8410.82 82.7840.75
13.9249.36 76.6014.03
6.6712.99 6.114341

59.08+3.52
91.5343.91
67.18+£4.89
54.8443.21
0.07+0.00

41.77+4.11 76.4341.41
91.3343.35 93.2944.60
48.0841.49 91.604 (.73
44.74 12 50 81.0311.94
73.204+1.35 81.6440.81 729411 64 74.2040 .68
33.5346.70 40.0213.95 97.4941 33 66.6817. 85 90.8111 40
39.44 15,16 48.3319.82 48.33112.23 70.8318.41 60.8316.73 16.9419 82

67.59+2.77 77281286
71.01+9.69 89.1046.87
86.724.1.58 654613 25
64.1712.77 73.9142.22

52.3540.33
55.5940.40
38.594+1.87
11.0110.00
63.0243.19
19.504-4.44

78.60+2.35
95.1043.58
85.4540.95
86.27+1.02
76.3940.76
97.68+1.97
81.9413.53

815215 34
95.6513.18
86.7241.01
86.3910.96
75.804+0.96
97.9611.56

57.13118.28 84.0545.74 75.32410.19 83.0816.40
45.71116.37 89.0543.21 33.331+14.02 92.3845.59
D10 32.5145.45 93.4641.90 14294262 93.5941 .32
D11 51.5342.47 48.6141.87 0.0040.00 57.434+2.38

53.34116.9 44.16412.3844.164£12.3885.08 11164 85.11£5.46 84.6110.11 91.3717.89
86.19+7.92 90.95149.38 91.9016.75 83.814+11.7165.71£12.4675.24+17.51 83.334+6.04
67.8845.03 64.1114.15 93514217 80.5644 58 88.83 1225 53.4249.31 92.60+2 50
41.1042.49 36.6543 298 54.6512. 52 60.7641.01 50414330 34.1644.59 53.1642.75

93.26416.57
93.81.6.37
93.982 54
61.74 411 84

D12 67.38411.6167.14422.6435.714+12.9469.05414.8041.67+12.2667.86421.7764.29+10.2957.86+11.93 91.61 17 36 69.4417.86 64.52424.3766.19+25.09
D13 79.46 122 5184.46110.5834.64£18.7581.79413.3050.36 £ 22.8771.25118.2285.89+15.0775.001£17.5883.81+11.16 59.6816.84 91.6119.89 91.61 19 89
D14 18.24111.23 93.6216.458 68.43113.6481.794£12.2769.31£18.0468.071+11.06 88.50+9.73 79.48 11247 87.8314.78 93.6416.98 93.64.16.98
D15 30.88+£10.0249.34113.62 6.7616.89 9.8517.92 40.5117.62 49.0119.85 29.56115.31 32.0249.95 59.34113.57 44.2215.62 56.76411.2356.76£11.23
Ave 444118 37 78471588 29.846.28 65.981554 53.0718.23 58.6417.78 74.8216.48 70.3017.71 75464590 51.0414511 81.8945 72 83.931571
Rank 8.40 473 11.13 5.67 8.47 7.87 4.93 6.53 5.60 9.07 3.67 1.47

TABLE III
CLASSIFICATION PRECISION(%) COMPARISON WITH OTHER ELEVEN POPULAR METHODS ON 15 DATASETS

M-FCCL R-FCCL GB-KNN CM-CCL GBCT GB-CCLF GB-CCL

46.6116.80 80.14+5.15 66.33 1531 80.061+12.6450.00+70.71 75.42+3.17 80.6812 58
92.2643.37 93.6314.77 64.7118.36 88.50+9.30 50.00+£70.71 94.0045 44 94.63 15 07
54.58+2.99 92.3210.68 87.2611.45 77.51+0.81 49.2946.79 85.9810.98 87.3210.96
46.35+4.37 67.51+4.03 61.8942.39 58.1642.74 85.00+£0.00 84.9212.03 85.0412.00
82.78+1.62 83.88+1.13 72.17+1.31 75.6940.49 70.62435.41 77.99+1.03 73.50+1.00
23.4249.27 93921220 1.7410.30 79.181+3.64 42.01£g8.38 45.1416.03 97.58+1.20 70.28 £7.97 91.7311.54 85.71£20.20 97.65+£1.94 97971134
2944171 704141002 04810.23 4.8313.31 32.8916.63 49.59+9.46 45.331£13.75 71.4316.03 58.6618.02 0.00L0.00 82.0313.81 83.0614.03
68.491 781 82.7415 35 37.66£5.09 76.3619.15 56.58+17.8645.47+11.0688.224+10.4983.06£14.33 90.64 1501 83.4310.67 87.39+12.35 90.845 02
D9 32.831+16.91 87.85+4.83 11.11£4.67 91.641581 87.62+7.68 90.36410.85 92.1316.17 85.28410.3753.681+19.2377.94£31.20 85.25+4.51 95.19+4.96
D10 21.1648.70 93.474+1.92 2.0410.37 94241133 70.6314.37 664415 46 93.8112.10 83.7013.20 89.0711.63 42.81124.71 92.9012 33 94.9712.61
D11 24.00+s.78 25.2312.40 0.0010.00 44.58+5.32 25.83£11.48 24.6212. 24 32.9819.17 47244445 21.1519.40 0.00L£0.00 33.48+3.07 39.19+3.52
D12 51.83126.6463.37426.3217.8646.4759.20421.35 37+£17.49 59.83126.24 37.48116 46.08+18.0991.20415.2975.00435.3661.67£29.41 62.5429.94
D13 83.58£17.9886.54411.0117.3249.3880.32£21.3153.33420.3064.42+18.9589.58 £ 11.66 73.67 +23.0982.00£17.91 40.86 1 15.36 92.33£10.0192.33 1+ 10.01
D14 11.1049.82 92.104+9.90 19.1049.6761.32422.4766.491419.0150.62+16.5882.32414.8064.48 +19.87 88.18+2.57 83.32414.8083.32114.80
D1520.60+11.3843.24412.56 0.664+0.60 7.00+4.80 31.4445.16 39.26411.12 23.4749.40 24.1249.67 50.20£14.54 29.17+5.80 47.82+14.5647.824 14.56
Ave 36.5348.89 75.50+7.15 11.8542.77 623 17,47 51.4149.41 57.2249.81 73.3647.37 66.7849.06 72.0248.47 55.20+21.31 78.814+7.30 80.56+7 05
Rank 8.73 493 11.60 6.07 8.33 7.53 4.40 6.67 5.80 8.13 3.87 1.80

WEFCCL
52.584+4.54
70.79+6.09
52.37+4.03

0.08+0.00

MEEFI FENN ssODM RF
84.081555 77.69+5.70 29.5+3.05 72.8615.02
93.74+4.00 81.2645.85 5.33+1.08 88.8216.07
2.5540.82 70.8910.90 2.48+0.10 88.61+0.83
10.09+3.57 81.9814.49 0.01£0.01 1.6210.72
17.584+0.41 81.75+0.82 32.4210.41 83.9710.95

No.s

TABLE IV
CLASSIFICATION RECALL(%) COMPARISON WITH OTHER ELEVEN POPULAR METHODS ON 15 DATASETS

WECCL M-FCCL R-FCCL GB-KNN CM-CCL GBCT GB-CCLF

55.1946.57 35.3543.67 64.8544.10 61.28 14,91 58364286 0.1210.17 79.1312.07
92931436 90.4714.24 93414481 64.16110.36 88.34£9.11 22.22131.43 94.37 15 53
64.7415.19 42.5611.22 91914074 86.6941.47 68.4612.30 65.49147.45 85.9410.95
53.1243.42 47.69+4.64 69.0813.28 58.39143.78 56.1812.88 75.00+35.36 85.40+1.75
77721076 0.0710.00 62.2241.41 75.65+0.80 74.194£1.44 65.7210.73 28.37£39.18 68.8310.74
75.95+3.20 33.0746.41 38.414£3.34 97.57+1.31 67.5247.35 90.9641.72 5.0912.23 97.7012.08
5441293 37.7116.38 48.03110.7047.47£12.46 69.318.46 59.74+5.04 0.00L0.00 79.90+4.06
81.464+10.0857.37+21.9446.56£16.93 81.50+9.60 76.05+16.47 70.70£9.00 99.32+0.96 92.07+7.53
33.33+0.00 92.2546.36 86.06+£6.37 90.26410.36 91.83147.39 84.26£10.94 66.00+4.42 89.06£15.47 83.16 4761
14.2910.00 93.5241.12 68.1715.27 64.0813 50 93474213 80.8514.14 88.9542.00 75.131£28.70 92.61 12,59 94.96+L3 02
D11 20.6241.99 24.8849.73 0.0040.00 36.444+5.04 204241271 23.7316.08 27.4942.22 39.7347.16 20.6441.96 0.00+0.00 37.094+3.92 40.0244 57
D12 59.00415.6661.75£24.79 50.00+0.00 61.924£17.2.41.42416.0063.254+24.01 50.67+6.44 50.25+10.2786.371+18.53 14.93 15 40 60.08£29.3161.33130.27
D13 80.89125.0181.92412.6745.00£15.8175.24420.7351.77 £22.9668.33122.7284.834£14.3371.92120.5880.67+17.9071.43£40.41 91.3319.99 91.33 19 99
D14 39.77 £20.4585.21 +10.58 27.00+8.23 56.711+17.3772.934£18.0350.09420.1281.004£13.7562.51 118 44 92.7241.81 82.28416.6082.28+16.60
D1529.09410.5143.26£12.47 6.7414.68 7.67+5.54 36.0317.62 40.41411.43 29.3+12.30 25.54+8.44 50.53115.13 19.64 17,58 48.22413.7348.22113.73
Ave 44.821g.16 73.3647.21 26431218 61.1716.99 51.4048.88 54.10£9.62 72.00+6.38 64.8418.95 67.97+6.91 43.90117.08 78.54+7.23 80.40L7 35
Rank 8.47 4.73 10.87 5.87 8.80 7.87 4.60 6.67 6.53 8.00 3.73 1.67

GB-CCL
80.92.5 50
94.84 L4 97
87.2941.07
85.64.11 63
73.83+1.06
98.1211 33
81.36.L4.35
92.3548.34
9345 16.77

FENN
T4.54 13 41
82.88+6.52
69.29410.89
80.414+4.17
75.2540.86
3441796 93.6712.22
11.4713.09 68.1719.81
71.88+9.33 77.54+11.45
45.6112.40 88.1213.78
32.161£4.64 93.5811 .83

ssODM

64.5849.16
17.3341.41
16.67+0.00

1.86+0.06
50.00+0.00
12.50+0.00
7.16+£0.42
50.00+0.00

RF
754945 35
86.55+7.69
89.37+0.83

1.8410.62

No.s MEEFI

69.71+4.43
94.13+2.90
16.88£0.68
16.68+3.32

50.00+0.00

e Compared with the other ablation experiments on simi-
larity measure, granular ball generation, concept construction,
and prediction, the proposed GB-CCL achieves the highest
accuracy and lowest ranks, indicating the reasonability of the

achieves better classification performance in most cases. These
results also show the validity and necessity of characterizing
concepts from both positive and negative information perspec-
tives in fuzzy decision formal contexts.
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CLASSIFICATION F1-SCORE(%) COMPARISON WITH OTHER ELEVEN POPULAR METHODS ON

TABLE V

15 DATASETS

No.s

MEEFI

FENN ssODM

RF

WECCL

M-FCCL

R-FCCL  GB-KNN

CM-CCL GBCT

GB-CCLF

GB-CCL

D1
D2
D3
D4
D5
D6
D7

76.1744.45
93.9143.20
4394118
12.3843.72
26.0140.45
27.56+9.16

76.0113.83
81.994 5 67
70.08+0.88
81.1814.26
78.36+0.82
93.8042.16

40.44 13 27
8.1241.38
4.3210.15
0.03+0.01

39.3340.30
3.05+0.46

74124497
87.6246.63
88.9940.83

1.704+0.67

53.7945.20
92.1644.56
67.554+5.07
527213 62
0.07+0.00
36.75+6.70

39414815
47.8241 82
46.9414.08
41.3043.47
48.68+9.90

69.20+9.68
79.316.05
87.9644.04

0.90+0.40 495+294 34921607
42.78 43 37
16.1645.42
3.56+0.58

0.00+0.00

4.56+2.36
D8 70.06+8.19
D9 37.12116.4
D10 24.83 1765 93.524+1 .36
DI1 21.69+4.65 25.05+2.54

40.05+4.99 222641567 23.79+2.90

71.6043.72 63.554+3.80
93.5144.73 64.11+3.20
92.1240.70 86.9841.44
68.2713.55 60.0612 93
79.55+0.90 73.174+1.36
97.58+1.21 68.8117.40
46.28113.12 70.27 £6.96

29.5244.47 42.864+4 62

67.2516.59
88.3949.06

2298102
42.67+5.49
72.69+0.94 23.571+6.84
5713 12,53 19.7310.39
70.36+£0.63 49.53+13.31
9134415 11.7147.49
59.09+47.68 7.3845.23

772142 .45
94.184.5.47
85.96£0.94
85.1641.84
73.1340.80
97.67+1.99
80.92+3.63

20.33+5.1

78.71+9.00 56.59+19.6445.83+13.65 84.5049.00 79.031£14.35 79.62£6.96 73.2610.92
91.9215.88 86.8146.92 90.31£10.60 91.9416.60 84.76£10.63 57.97+£11.9 71.43123.19
93.88+1.16 69.374+4.79 65.19+£4.00 93.6412.10 822414363 89.01t1.78 51.0419.95 92.7542.45

89.4119.51
84.1145.83

17.4341.08 35.18+3.38

80.78 5 40
94.73 1500
87.31+1.00
85.34.L1 77
73.664+1.02
98.051 33
82.16.L4.02
91.54 17 84
94.29_ 5 79
95.0212 50
39.59+4.16

25.681£7.45 60.181418.9237.28 £16.1561.17125.0442.19411.3747.36£14.3288.57 116.75 52.6211.28 60.751429.3861.78 £30.11

D13 81.52 122 5183.854+10.7424.30£11.5277.35420.9752.254£21.5666.19420.4687.36£12.4072.651 21 62 81.10+17.3 50.3117.23 91.6319 21 91.63 19 21
D14 16.811£13.02 90.50£9.71 22.1649.28 58.671£19.2969.44+18.4249.37116.4282.934£13.9263.291+18.73

D1523.45110.3242.88412.09 1.17+1.16

64.91127.0582.74+£15.6582.74 11565

7.1414.99 334747.76 39.72411.0725.87+£10.41 24.2448.16 50.26£14.77 39.71 16.40 47.92413.89047.92113.89

Ave 38.281555 74.4016.64 15471298 61.571£7.03 51.0318.81 55.214£9.10 72.4646.55 65.5648.54 69.511£7.39 39.8917.74 78.58+L7.09 80.4417 07

Rank 8.87 4.53 11.60 5.93 8.27 7.53 4.33 6.40 6.13 9.27 3.53 1.53
TABLE VI TABLE VII
CLASSIFICATION ACCURACY OF ABLATION EXPERIMENTS CONCEPT LEARNING TIME(S) COMPARISON OF FIVE CCL METHODS

No.s Ourscos  Oursgppp  Oursgp  Oursgon  Ourspyre Ours Dataset WECCL M-FCCL R-FCCL CM-CCL GB-CCL
D1 79.77+2.60 80.06+1.84 51.03+3.77 77.66+2.91 78.88+1.79 81.5242 34 D1 45256 1066.80 28231 552.36 28.26
D2 93.7242.60 94.2643.74 95.5242.38 83.3346.09 90.4645.59 95.65+3.18 D2 16.91 16.70 6.06 102.78 0.78
D3 86.58+1.02 86.72+1.01 62.3042.23 81.90+1.61 86.44+1.07 86.7211.01 D3 18262.23 15577.00 3967.60 210.36 545.27
D4 86.67+1.08 86.39+0.96 13.68+2.28 79.28 4208 84.5240.78 86.39+0.96 D4 4494.16 1272.30 570.32 4540.00 233.00
D5 75.5940.70 75.80+0.96 54.144.06 71.2441.04 75.2340.71 75.8+0.96 D5 123145.00  45901.85 23055 1088.60 2958.88
D6 97.9641.23 96.841+1.46 97.314+2.46 94.5242.49 97.68+1.86 97.96+1.56 D6 107.67 80.50 35.27 210.20 1.93
D7 81.1116.25 80.56+5.71 83.6144.62 79.7246.68 83.3314.90 83.891486 D7 20.77 10.00 6.95 223.10 10.38
D8 90.8749.34 91.37+7.06 77.034£11.50 85.6848.41 91.37+4.15 93.2646.57 D8 26.37 10.80 3.95 62.00 2.63
D9 90.004+4.74 90.00+7.26 88.10+6.04 86.19+10.15 90.95+7.60 93.81+6.37 D9 45.93 7.20 3.10 44.50 2.90
D10 94.5512.09 94.5512.09 6697129 86.6713.37 92.7313.03 93.9812.84  DIO 473.89 356.40 130.96 577.90 58.20
D11 61.254+9.35 61494250 33.18+3.77 61.2349.13 60.5542.00 61.74+1.84 D11 2611.55 3482.80 960.01 2368.40 204.25
D1260.714+27.8471.90+21.2070.95+13.0370.00+£20.7668.334+21.7176.43+15.41 D12 0.83 0.83 5.82 45605.00 0.58
D1386.25411.2367.86420.4891.43412.0581.79411.9390.54413.88 91.619.80  DI3 12.29 30.90 15.10 278.75 1.55
D14 96.7313.76 96.20+5.04 93.5245.30 91.1715.95 94441586 97.781388 DI4 1.39 15.25 96.11 - 0.53
D1560.704+10.32 62.50+8.55 61.844+9.78 62.50+8 55 61.2548 44 62871974  DIS 0.81 0.63 8.40 5917.30 0.56
Ave 82.8315.81 824314599 69.374574 79.5316.28 83.1145.56 85291476  Ave 9978.16 4522.00 435.14 4412.95 269.98

Rank  3.20 2.67 4.60 5.00 3.80 1.20
Note: Ourscos, Oursgpr, Oursgp, Oursgen, and Oursp,. denote
the ablation experiments about the similarity cosine measure, RBF

measure, granular ball generation, concept construction, and prediction.

designed framework.

2) Comparison of concept learning time: The results of
comparing the concept learning time of GB-CCL with all the
involved CCL methods are recorded in Table VII. From the
comparison results, we have three observations as follows.

e The proposed GB-CCL consumes the least concept
learning time among all concept-cognitive learning methods
except on the Move dataset of R-FCCL. The main reason
is that our concept learning is based on justifiable granular-
ball generation space, and in the whole process, there is no
parameter optimization involved.

e WFCCL shows the worst performance, and CM-CCL and
M-FCCL also show poor performance in most cases, mainly
because they rely on neighborhood-based information granules
and parameter optimization. Moreover, the introduction of
attribute weights computation in W-FCCL increases compu-
tational costs.

e GB-CCL achieves the lowest concept learning time and
best classification performance among all the CCL methods,

which indicates that GB-CCL has a better concept learning
performance than the current state-of-the-art CCL methods.
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Fig. 6. Classification results comparison on diffenent noise levels.
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TABLE VIII
CLASSIFICATION ACCURACY (%) COMPARISON OF GB-CCL ON DIFFERENT NOISE LEVELS

Noise Level

Dataset  RAW 2% 4% 6% 8% 10% 2% T4% 16% 18%
D1 81524234 82.3141.47 80.661399 80.38+366 80.62+299 79911276 79441303 79581242 78931218  78.79+1.43
D2 95.651+3.18 95561299 95.551t3.26 96.641257 94131407 94141275 93321437 93.601292 93871340 95.2713.94
D3 86.7241.01 85.6940.99 85364102 85631066 85434+1.13 85.6340.81 8547+1.17 85141086 85.064077 84.88+1.00
D4 86.394+0.96 85.55t1.51 85.0610.98 85.31t1.24 84921708 84771084 84.6011.54 84.0611.04 84731074 8370147121
D5 75.80+0.96 75.75+1.14 75.80+0.73 76.2310.81 76.58+0.65 76.05£1.12 76271092 76.19t0.90 76.151+0.93 76.06+0.74
D6 97961156 80.5617.17 78.891ig.30 822211049 77221960 78.6117.53 80281746 79441918 79721741 79.72110.15
D7 83.891+486 97.03t1.68 94801202 94431190 93501158 92.0lt1.76 88.2213.00 86.361355 85.6lt2.39 84401310
D8 93.2646.57 897941634 897145091 92794742 92841548 91341530 90264711 90.2646.98 90.7119.18 90.79+7.54
D9 93814+6.37 89524585 90951653 89.05+7.79 88574958 91431703 89.0547.79 92384681 90951690 91.4345385
D10 93984284 94204183 93724191 9398+1.46 92.55+1.06 93.25+1.02 93.774+1.8¢ 939442024 94.684173 93.7741.46
D11 61.7441.84 61414144 59944206 60454211 59371254 59.0242.38 59394150 59414141 58964234 58474184
D12 66.19+25.09 66.19+25.09 72.62+1763 74.52+16.84 72.62+17.47 69.2911232 69.05116.84 75.71+16.14 67.6211584 75.71+14.10
D13 91611989 80.89t12.66 82.14115.82 77.86115.13 79.29+16.24 84.82113.92 80.71+16.43 85.89+15.07 74.82111.43 84.82113.92
D14 93.64 1+6.98 92.12+6.69 93.07+4.86 91.10+8.12 93.5246.69 91.07+7.79 93.05+9.47 91.194+6.85 91.10+6.98 91.10+6.98
DI5S  56.76111.23 60.55413.98 60.55t12.18 58.2413.13 57.65+10.55 58.75t15.18 61.84111.86 61.14112.18 58.75412.67 61.18110.92
Ave 83931571 824716.06 82594515 82594622 81924605 82.0lis550 81.65+6.20 82294590 80.7815.66 82.011561

D. Influence of the proposed viewpoint(Rq.3) 100 ] ‘28
. . . ] 1
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Fig. 7. Box diagram of GB-CCL on different noise data levels.

The classification accuracy of GB-CCL under different
noise data levels is shown in Tables VIII. It can be seen
from these tables and figures that the classification measures
of GB-CCL fluctuate slightly in experimental datasets as
the noise data increases. The more detailed comparison in
accuracy, precision, recall, and Fl-score is shown in Fig.6.
To further observe the variation induced by noise, the Box-
plot is employed to show the distribution central location and
a spread range of GB-CCL under different noise data levels,
which is shown in Fig.7. In these figures, the [J, —, L, and T
represent the mean value, median line, first quantile, and third
quartile, respectively. The difference between L and T is the
quartile, which is also called the 1.5 interquartile range(1.5
IQR). The data outside the IQR is called an outlier.

All these measures could be used to analyze the differences
among the compared methods. The compared methods are
considered the same when the adopted measures differ little.
From Fig.7, we could obtain the following point: 1) At
different noise levels, the median line and mean values of the
GB-CCL method are almost on the same level, indicating that
the central location consistency of GB-CCL with noise data

increases. 2) Except for the WiQW dataset, other results are
all in the 1.5 IQR, and the 1.5 IQR is roughly the same in
most situations. This robustness can be attributed to two key
components of the GB-CCL framework. Firstly, the adaptive
granulation generation mechanism improves local noise tol-
erance by controlling purity, thereby preventing the influence
of noisy samples on the local data structure. Moreover, the
fuzzy three-way concept learning method further restricts the
scope of concept learning by integrating positive and negative
context information. They all collaborate to ensure GB-CCL’s
stable and robust learning performance in noisy environments.

VI. CONCLUSION

Two influential studies in granular computing and artificial
intelligence, namely concept-cognitive learning and granular-
ball computing, can achieve the same results through different
emphases. The proposed GB-CCL is a fruitful marriage of
granular-ball computing and concept-cognitive learning to

Authorized licensed use limited to: Southwest University. Downloaded on April 15,2026 at 03:29:16 UTC from IEEE Xplore. Restrictions apply.
© 2026 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Fuzzy Systems. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TFUZZ.2026.3664190

IEEE TRANSACTIONS ON FUZZY SYSTEMS

study uncertain information and knowledge processing em-
bedded in complex data. It can achieve effective, robust, and
adaptive concept learning for knowledge discovery. It adopts
threefold ideas: 1) justifiable granular-ball space adaptive gen-
eration, 2) fuzzy three-way concept to effectively characterize
fuzzy ontology, 3) concept center based on GB for label
predictor. In this article, the theoretical framework of GB-CCL
has been fully developed, and the corresponding experiments
have been thoroughly demonstrated.

Despite the proposed GB-CCL method showing good per-
formance on knowledge discovery tasks, we acknowledge a
range of limitations to our method thus far. For example, we
have not yet tested a wider range of complex problem appli-
cation scenarios, including cognitive and learning multimodal
scenarios with various data types. The granular representation
in GB-CCL provides a flexible mechanism for constructing
concept intentions at different granularities, which offers a
natural foundation for extending the framework to multimodal
concept learning. In addition, another interesting issue for
future work is to study CCL in an open environment, namely,
environments that change over time. Owing to its dynamic
concept learning mechanism and adaptive granular construc-
tion, GB-CCL is inherently suitable for incrementally updating
concepts and accommodating drifting patterns. Finally, future
work will involve exploring concept-cognitive mechanisms,
optimizing cognitive systems with various fuzzy evaluation
measures, and systematically modeling cognitive processes,
particularly in large-scale, dynamic data environments.
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