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Abstract

The multi-covering rough sets (MCRSs) are a popular aspect of rough sets. It is easy to see that classical rough sets, covering
rough sets (CRSs) and multi-granulation rough sets (MGRSs) are all the special cases of the MCRSs. Recently, the algebraic
theory of these rough set models mentioned above have been researched in detail. However, the algebraic theory of MCRSs
has not been studied until now. It is necessary for researchers to explore the algebraic theory of MCRSs. In this paper, we
focus on the operation and algebraic theories of two types of MCRS models. First, the properties of the two types of multi-
covering set approximations are discussed. Especially, the properties of multi-covering approximation operators based on
the unary coverings are deeply researched. Second, the operation properties with respect to intersection and union of MCRSs
are researched. Meanwhile, to compute the intersection and union of MCRSs, several algorithms are constructed. Finally,
on the basis of the operation properties of MCRSs, many meaningful algebraic properties of MCRSs are deeply studied.

Keywords Rough sets - Covering - Unary - Operation properties - Algebraic properties

1 Introduction

According to an equivalence of the universe, the rough set
theory was proposed by Pawlak (1982). At present, rough set
is one of the most effective ways to deal with complicated
and massive data. Meanwhile, this theory is a very excellent
method to solve issues of granular computing (Pedrycz and
Chen 2011, 2015a, b). Rough sets have been widely used in
lots of fields such as uncertainty management, feature acqui-
sition, data processing. (Polkowski and Skowron 1998a, b,
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c¢; Pomkala 1988; Wu and Zhang 2006; Yao and Chen 2005;
Zhang et al. 2003; Zhu and Wang 2006, 2011).

Based on the considerations of granular computing, schol-
ars usually regard an equivalence relation as a granularity.
As we all know, the upper and lower approximations defined
by an equivalence play a key role in rough sets. There is no
doubt that the single granular structure of classical rough
sets is a very fatal shortcoming. Clearly, the classical rough
set theory is unable to solve many problems, which are
related to multiple granular structures (Apolloni et al. 2016).
Therefore, Qian et al. (2005, 2010) generated classical rough
sets to the optimistic and pessimistic MGRSs, where the
set approximations are constructed based on more than one
equivalence relation. Now, lots of scholars are focusing on
the developments of MGRS models (Kong and Wei 2017;
Liet al. 2016; Lin et al. 2012; Xu and Guo 2016). For exam-
ple, based on the incomplete information system, Yang et al.
(2012) discussed the incomplete MGRS model. Xu et al.
(2012) studied the multi-granulation rough sets using of
the tolerance relations. Meanwhile, Xu et al. (2013) also
deeply studied the MGRSs according to the ordered rela-
tion. From the neighborhood point of view, Lin et al. (2012)
investigated neighborhood MGRSs. Yao and She (2016)
further studied MGRSs and suggested two types of rough
set models using of equivalence relations depended on set
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union and intersection, respectively. What is more, Li et al.
(2017) investigated the three-way cognitive concept learning
with respect to multiple granularity. In addition, according
to MGRSs, many authors (Wang et al. 2017; Xu and Wang
2016; Xu et al. 2017; Liang et al. 2018) researched how to
select the optimal one from multiple granularities.

In addition, we know that classical rough sets are devel-
oped based on an equivalence relation. However, according
to the attribute subset, there is no guarantee that we will get
an equivalence relation every time. To improve the draw-
back, many meaningful relations have been proposed to gen-
eralize Pawlak rough set model, such as similarity relations,
neighborhood relations, and tolerance relations (Skowron
and Stepaniuk 1996; Slowinski and Vanderpooten 2000; Yao
and Lin 1996; Yao 1998). Zakowski (1983) has proposed the
notion of covering and established the CRS theory. It is very
meaningful and necessary to research the covering-based
rough sets (Dai et al. 2014; D’eer et al. 2016; Ge et al. 2017,
Kong and Xu 2018b; Xu and Zhang 2007; Yang and Zhu
2014). Yao (1998, 2003) first proposed two types of rough
set approximation operators based on duality and studied the
corresponding properties. Meanwhile, according to the tol-
erance relations, Pomy Kala and Pomy Kala (1988) further
explored additional pairs of dual set approximations. In addi-
tion, Zhu (2007) also studied several types of approximation
operators and discussed their interrelationships. At the same
time, many researchers (Chen et al. 2017; Lang and Miao
2016; Lang et al. 2015; Wang et al. 2015) investigated the
attribute reduction of CRSs or covering decision informa-
tion systems.

According to the MGRSs and the CRSs, it is necessary
for us to study multi-covering rough sets (MCRSs). At pre-
sent, lots of authors are doing research on MCRSs (Liu et al.
2014). For example, Wang et al. (2013) developed five types
of optimistic and pessimistic MCRS models, and further
discussed the relationships among them. Meanwhile, based
on the specific practical backgrounds, Lin et al. (2013) con-
structed several types of MCRS models using different lower
and upper set approximations. Moreover, according to the
minimal and maximal descriptions, Liu et al. (2014) con-
structed several types of MCRS models. In addition, Lang
et al. (2017, 2018) studied the knowledge reducts of CRSs
in dynamic contexts.

At the same time, we note that the algebraic theory of
rough sets theory was first explored by Iwinski (1987). Since
then, many scholars have been working on the operation
theory and the corresponding algebraic theory of classi-
cal rough sets (Pagliani 1996; Yao 1998). For instance, Li
(2002) investigated many meaningful algebraic theory of
classical rough sets in detail. Then Kong and Xu (2018a,
b) studied the algebraic properties of CRSs and MGRSs,
respectively. However, until now, no one has been engaged
in the exploration of algebraic theory of MCRSs. According
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to the above discussion, it is necessary and important for us
to study the algebraic properties of MCRSs.

Here, we concentrates on the study of the operation and
algebraic theory of MCRSs, and is organized as follows. In
Sect. 2, many important concepts of MGRSs and CRSs are
recalled. In Sect. 3, the properties of the first type of multi-
covering approximation operators are discussed. Especially,
the intersection and union operations and the correspond-
ing operation properties with respect to minimally unary
MCRSs are explored. In Sect. 4, the properties of the second
type of multi-covering approximation operators are investi-
gated. Furthermore, based on maximally unary multi-cover-
ing, the intersection and union operations and corresponding
operation theory of the second type of MCRSs are studied.
In Sect. 5, according to the operation properties of MCRSs,
the algebraic theory of MCRSs is deeply researched. Finally,
in Sect. 6, we conclude this study.

2 Preliminaries

In this section, many important notions of MCRSs and CRSs
are recalled. More concepts can be found in references (Chen
et al. 2007; Zakowski 1983; Zhu and Wang 2006).

2.1 Multi-granulation rough sets

Suppose that (U,R) is an approximation space, where
U={a,,a,,...,a,}is the universe; and R={R|,R,, ..., R,,}
is a set of the equivalence relations. Meanwhile,
[alg = {b|(a,b) € R} is the equivalence class of a € U.

Definition 2.1 (Qian et al. 2005) Suppose that (U, R) is
an approximation space, R|,R,,...,R,, CR, and A C U.
Denote

OMgn 5 () ={a| ViL,(laly, € A)};

OMyr £(A) =~ OMgn g (~A)

we, respectively, call OMZﬁ R, (A)and OMZT R, (A) the opti-

mistic lower and upper approximations of A with respect to
(U, R).

Definition 2.2 (Qian et al. 2010) Suppose that (U, R) is
an approximation space, R|,R,,...,R,, CR, and A C U.
Denote

PMyz, w ) ={x I AL (aly, S :

PMyn ¢ (A) = ~PMgn (~A),
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Table1 A covering about U Maroon Scarlet Dun Reddish
colors

X Yes No No No

X, Yes No Yes No

X3 No Yes No Yes

X, Yes No Yes No

X5 No No Yes No

Xg No No No Yes
;?::;SZ A covering about auto U Honda Peugeot Cadillac Buick

X1 No Yes No No

X, Yes Yes Yes No

X3 No No Yes No

X, Yes Yes Yes No

X5 No No Yes No

Xg No Yes No Yes

we, respectively, call PMy» R, (A) and PMy» R, (A) the pes-

simistic lower and upper approximations of A with respect
to (U, R).

2.2 Covering
In this part, some necessary concepts of CRSs are recalled.

Definition 2.3 (Zhu and Wang 2006) Suppose that U is
a universe of discourse, and C is a family of subsets of U.
We call C a covering of U, if no subset in C is empty and
UC = U. Meanwhile, we call (U, C) a covering approxima-
tion space.

Definition 2.4 (Yao and Yao 2012) Suppose that C is a
covering of U, we call C(C, a) a neighborhood system of
a € U, and C(C, a) is constructed as follows:

C(C,a) = {K € Cla € K}.

Definition 2.5 (Zhu 2007) Suppose that C is a covering of
U and a € U, then we call md(a) the minimal description of
a, and md(a) is constructed as follows:

md(a) = {K € C(C,a)|(VS € C(C,a))(SCK = K = S)}.

Definition 2.6 (Zhu 2007) Suppose that C is a covering of
U.Foreacha € U, |md(x)| = 1, then we call C the minimally
unary covering of U.

Definition 2.7 (Zhu and Wang 2006) Suppose that C is a
covering of U and a € U, then we call MD(a) the maximal
description of a, and MD(a) is constructed as follows:

MD(a) = {K € C(C,a)|(VS € C(C,a)(K C S=> K =19)}.

Definition 2.8 Suppose that C is a covering of U. For each
a € U, MD(a)| = 1, then we call C the maximally unary
covering of U.

2.3 Multi-covering

Let U be a nonempty finite set, 2 = {C,,C,, ..., C,,} afamily
of covering of U with C; = {K;;, K, ..., K¢}, € is defined
by ©={K.Kpp ... Kye,) Ko Ko oo Koo Ko
Koo, s K, 1 -

Definition 2.9 Suppose that U is a nonempty finite set,
Q={C.,C(,,...,C,} is a family of covering of U with
Ci = {Kj1, Kpp, ..., Kjc,| }, we call (U, £2) the multi-covering
approximation space (MCAS). If € is a minimally (maxi-
mally) unary covering of U, then we call (U, £2) the mini-
mally (maximally) unary MCAS.

For eacha € U, we denote (€2, a) = {Kij € Clae Kij,i =
L,2,....m,j=1,2,...,|C]|} for simplicity. If € is a mini-
mally unary covering of U, for each K;; € (£2, a), there must
exist K" € (£2, a) such that K" C K;. For A C U, denote
Rg"“ = {Kg:‘“, Kg;m, e, K;Zm }, where @X‘m satisfies two con-

ditions: (1) For VK™n, K™in € &M, we have K™ = K™ or
i il 4 7

K n Kg;i“ =@ (2) U, K" = A. If € is a maximally

unary covering of U, for each Kij € (£, a), there must exist

K7™ € (£, a) such that K, < Ko,

Example 2.1 The universe U = {a,,a,,...,as} stands
for six persons. A covering of U about colors is given in

@ Springer
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Table3 A covering about U Maroon Scarlet Dun Reddish
colors

X Yes Yes No No

X, Yes Yes No No

X3 Yes No No No

X, No No Yes Yes

X5 No No Yes No

X No No No Yes
E::I:i: A covering about auto U Honda Peugeot Cadillac Buick

X No Yes No No

X, Yes No No No

X3 Yes No No No

X, No No Yes No

X5 No No Yes Yes

Xg No No Yes Yes

Table 1.“Yes” means that the person likes this color.“No”
means that the person does not like this color.

Denote Ky; = {a,,a,,a4}, Ky = {a3}, Ky = {a,, a4, a5},
Kgr = {a3,a4}. Clearly, C; = {Ky, K, Kp, Kg } is a covering
of U.

A covering of U about auto brands is given in Table 2.“Yes”
means that the person likes this auto brand.“No” means that
the person does not like this auto brand.

Denote Ky = {a,,a,}, Kp ={a;,a,,a4,a¢}, Kc = {a,,
as,ay, a5}, Kg = {ag}. Clearly, C; = {Ky, Kp, Ko, Kg}is a
covering of U.

Let 2 = {C,,C,}, it can be found that € = {K),, Kg, Kp,
Ky, Ky, Kp, K¢, K} is a minimally unary covering of U.
Then, (U, £2) is a minimally unary MCAS. For a, € U, we
have (2,a,) = {Ky, Kp, Ky, Kp, K¢}, it is clear that
K™ = Ky.

Example 2.2 Here, we will replace Tables 1 and 2 in Exam-
ple 2.1 with Tables 3 and 4 presented below, respectively.

Denote Ky, = {a,,a,,a3}, Kg = {a,,a,}, K, = {ay, a5},
Kp = {ay, a4}. Clearly, C;, = {Ky, Ky, Ky, Kg } is a covering
of U.

Denote Ky = {a,,a3}, Kp ={a,}, Ko = {a,,as,a¢},
Ky = {as,a4}. Clearly, C, = {Ky, Kp, K¢, Ky } 18 a covering
of U.

Let @ = {C,,C,}, it can be found that € = {Ky,, Kg, Kp,
Ky, Ky, Kp, K¢, Kg} is a maximally unary covering of U.
Then, (U, ) is a maximally unary MCAS. For a, € U, we
have (L2, a,) = {Ky;, K, Ky}, it is clear that K;‘;‘“ = Ky

@ Springer

3 The first type of MCRSs

In this part, we will investigate the first type of MCRSs, which
was first proposed by Lin et al. (2013). Here, we further dis-
cuss the properties of the first type of MCRSs, and then present
the definitions of intersection and union on the first type of
MCRS:s. Finally, we study the corresponding operation theory.

Definition 3.1 (Lin et al. 2013) Let (U, £2) be a MCAS,

and 2 = {C,,(,,...,C,} a family of coverings of U with

C = {Kj.Kp, ..., K; },and A € U. Denote

EMyn (A) = UK, € G| V (K; € A),
ief{l,2,....m},j=12,...,|Cl},

FMyz, o(A) =~ Mgy o (~ 4)

we, respectively, call FMy» ] ¢,(A) and FMyn ] ¢,(A) the first

type of multi-covering lower and upper approximations of
A with respect to (U, £2).

For AC U, we call (FMZ'»'LI Ci(A)’FMZZ CZ(A)) the

first type of multi-covering rough set of A. Thus,
cr= {(FMyn ¢ (A),FMgn (A))|A C U} is all of the first

type of MCRSs with respect to (U, £2).

3.1 The first type of multi-covering approximation
operators

In this part, we will study the properties of the first type of
multi-covering approximation operators in a MCAS.
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Proposition 3.1 (Lin et al. 2013) Let (U, ) be a MCAS
and A, B C U, then we have that

()FMy» (U) = FMgn (U) = U, FMgr (#) =
FMy» @) =0

(2)FMy» (A) CA C FMy» (A);

(3)FMyr ¢ (FMygr ¢ (4) = FMyr ¢ (4), FMyr ¢

(M- () = PVgy ¢ (Ax
@) FMgy, () =~ Mgy o (~ ), FMg: (4) =

~ My ¢~ A)
(5)FMy» (ANB) C FMyn (A)NFMyn ( (B),

FME,"; C,(A UB) D FMZL Ci(A) U FME:; Ci(B);
(6)A C B = FMy» ¢(4) C FMy» ¢ (B)and FMyy (4) C

FMy: (8

Proposition 3.2 Let (U, Q) be a MCAS. For each K € €
,then, we have that

()FMg () = K:

) FMyr ¢ (~ K) =~ K.

Proof We can prove the proposition by Definition 3.1 and
Proposition 3.1. O

Proposition 3.3 Let (U, Q)be a minimally unary MCAS
and A,B C U, then

(1)FMgy, (4N B) = FMg: ¢(4) N FMgy, ¢ (B

() FMg;, (4 UB) =My (4) UMy ¢ (B)
Proof

(1) (=): It is clear by Proposition 3.1. («<): For each
ae FME'-L Cl_(A), thereisaK € Csuchthata € K C A.

Then we have that a € K:{“i“ C A. Similarly, for each
a € FMyn ¢ (B), it can be found that a € K™" C B.

Thus, a € K;“i“ C AN B. By Definition 3.1, we have
thata € FME”;] Ci(A N B).

(2) Itis immediate by Definition 3.1 and Proposition 3.1.
Ot

Now, we provide an example to further explain Proposi-
tion 3.3.

Example 3.1 (Continued from Example 2.1) For A = {a,,
a4,a¢}, B={a,,a;,a4,as}, we have that FM¢ , (A) =
{ay, a4, a6}, FM¢ yc,(B) = {a,ay,a,) . Meanwhile,
FM¢, ¢,(A N B) = (a.a,}. Then, FMc o, (AN B) = FM¢ .,
(A)NFM¢ ¢, (B).

At the same time, we have FMC1+C2(A) = {a,,a,,a,,as,
ag}, FMc ¢,

(B) = {ay,ay, a4, as}. In addition, FM¢, ¢, (AU B) = {a,,
ay,a4,as,a}. Hence, FM¢ o (AUB) =FM¢ ¢ (AU
FM¢ sc,(B).

Proposition 3.4 Let (U, L2) be a minimally unary MCAS
and a € FMyn - (A), then K™Min € FMyn . (A).

Proof For a € FMEr}n:1 Ci(A), there is a K € € such that

a € K C A. It follows thata € K;"i“ C A. By Proposition 3.1
and Proposition 3.2, we have that a € K;“i“ = Fszw:l ¢

(K;nin) c FME;L Ci(A)' i'e"K;nin < FMZTZI Ci(A). D

Proposition 3.5 Let (U, 2) be a minimally unary MCAS
and A,B C U, then

(1 FMZlm:] Ci(FMZ',-L (AU FMZZL c(B) = FMZ,-"LI c

(A)UFMgn . (B);
(2) FMZLL C:(FMZTL G (A) N FMEL C:(B)) = FMZ,nil G

)Ny @)

(3)FMyr o (FMyr . (A) UFMyr o (B)) = FMy» .
(A)UFMgn . (B);
“4) FMZ}L Ci(FMZil C‘_(A) N FMZ,m:l C,.(B)) = FMZZL c
(A) NFMy» . (B).

Proof It is immediate from Definition 3.1, Propositions 3.1
and 3.4. O

Proposition 3.6 Let (U, 2) be a minimally unary MCAS,
a€ UandA CU. IfK;’[lin = {a}anda € FMZ@_] c(A). Then

we have that a € FMZ,-Z e A).

Proof Since a € FMZ'-"_. c,(A), we can find that a e~
FMzm_] ¢,(~A). Thus,a € {a} = K(’l“i“ ¢~ A. Therefore, we

have thata € {a} = K™ C A.ie.,a € FMyr (4. O

@ Springer
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3.2 Operation properties of the first type of MCRSs

In this part, we will research the operations of intersection
and union on MCRSs. We first propose the concepts of inter-
section and union of MCRSs.

Definition 3.2 Let (U, £2) be a MCAS. For any (FMy» ¢
(A), EMy» (A)), (EMy» (B),FMygn (B)) € C", the

intersection and union of them are constructed as follows.

(1) (FMgn ((A),FMgn (A) N (FMy» . (B),FMyn ¢

(B) = (FMy» ¢ (A)nFMgn ¢ (B), FMgn ¢ (4) nFMyr  (B));

(2) (FMyg» ((A), My (A) U (FMy» (. (B),FMyn

B) = Mgy D UMz ¢ (B), FMyy (AU EMyy ¢ (B).

Is the first type of MCRSs closed under set intersection
and union? Now, we will provide an example to answer this
question.

Example 3.2 Let U= {a,,a,,...,a4},C; = {{a,,a,,a4},
{ay,a3,a4,a5}, {as, a¢}}, Cy = ({ay, a4}, {ay, a3, a4, a5}, {ay,

ag}}. For A ={a,,a,,a¢}, B={as,as,as}, we have that
FMC,+C2(A) = {az’a4’a6}’FMC1+C2(B) = {05’06} , and

FM¢ 1¢,(A) NEM¢ ¢, (B) = {ag}. Clearly, there is no way

to find a subset E C U such that FM¢ ¢ (E) = FM¢ ¢,
(A) NFM¢ ¢, (B).

Example 3.2 shows that the first type of MCRSs is not
closed under set intersection. Similarly, the first type of
MCRSs is not closed under set union.

Proposition 3.7 Let (U, ) be a minimally unary MCAS,
A,BC Uand for VYa,b € U, we have K;’i“ = K;ninor
KM n K" = @. Then, the first type of MCRSs is closed
under set intersection.

Proof Denote M =M,/M,, where M, = FMy» (AN

FME;L Ci(B)’ and M2 = Fle’n:l Ci(A) n FME;L Ci(B). Let
M = {K™|a € M,K™ M, =@} and M = {K™"|q, €

M,i=1,2,...,s}, where M’ must satisfy the following

conditions: (a) M’ C M; (b) For any two elements of M,
the intersection of them is empty; (c) For each K;“i“ EM,
we can find K™" € M’ such that K™ C K™ Denote

K ={a]K™ e M,i=12,..,s}, E=M UK.
First, we will prove that FMyn ] c,(E) = FMyn 1 ¢, AN
FMZ?’:I c,(B).

@ Springer

Foreacha € FMZ»_n_ 1 ¢ (E), by Definition 3.1, Proposition
3.6 and construction of E, we have thata € K™ C FMy» ¢
(A)NFMy» (B). Thus, FMy» (E) € FMgn (AN
FMyy (B

From the construction of E, we have FMZ»_n_l C[(A)m

EMyn (B) C E. By Propositions 3.1 and 3.5, it is clear
that FMg.. () n My ¢ (B) = FMgy,  (FM gy, (40

FMZIW;] Ci(B)) - FMZL Ci(E)' We have that FMZL C[(A)ﬁ

FMZ:’L ci(B) C FMZ}L c(E). Therefore, FMZ:»; C,(E) =

FME:L G (A) n FME,"; G (B)

Second, we will prove that FMZ'»L Ci(E) = FMZZ C,.(A)
Mz ¢ (B)

According to the construction of E, we have that
E C FMyn AN FEMy» (B). By Propositions 3.1 and

3.6, it is clear that FMyn (E) € FMyn (FMyn (A)
nFMZEZ[ G (B)) = FMZ;L C,»(A) N FMZL C,»(B)‘ Thus, FMZ}LI C
(E) € EMyn ¢ (A)NEMyn c(B).

Similarly, based on Definition 3.1 and the construction of
E, FMZT:] C{(A) n FMZ,L C/_(B) C FMZ,ZI ¢ (E) holds. Thus,

FMyr, o(B) = Mgy A0 FMgy c(B). O

Proposition 3.8 Let (U, 2) be a minimally unary MCAS,
A,B C Uand for VYa,b € U,we have K;“in = Kl‘)“inor Kjl“i“n
K;m = (. Then, the first type of MCRSs is closed under set
union.

Proof Denote N =N,/N,, where N; =FMyn (AU

FMyn (B),N; = FMyn (A)UFMgn ((B). Let N =
{K™"a € N,K™™ (N, =@} and N = {Kg;in|a,. EN,j=

1,2,...,n}, where N' " must satisfy the following conditions:
(a) N' C N; (b) For any two elements of N, the intersec-
tion of them is empty; (c) For each K;“i“ € N, we can find
KMn € N such that K™" C K™". Denote L = {a;|K™" €
7 ) J
.N'/,j =1,2,...,n}and F = N, U L. Similarly, we can prove
that (FMZZL C,-(F)’FMZ,-”;I c(F) = (FMZ’_»;] c,(A), FMZ',-L c

(A)U (FMyn ¢ (B), FMgn ¢ (B)). O

Remark 3.1 Based on the constructions of E, F, the proofs
of Theorems 3.7 and 3.8 can be completed. Meanwhile,
we can find that the first type of MCRSs is closed under
set union and intersection. In other words, for A,B C U,
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there are two subsets E, F C U such that (FMZ}'LI C[(E),
FMgn ¢ (E)) = (FMyn ((A),FMy» (A)) N (FMyn ¢ (B),

EMyn ¢ (B));  (EMyg» ¢ (F),FMgn ¢ (F)) = (FMgn ¢ (A),
FMEZ-’LI cA)u (FMEZ-'LI Ci(B)’FMZ:il ¢,(B). In addition,

according to the constructions of subsets E, F presented
in Theorems 3.7 and 3.8, it is easy and important for us to

develop two algorithms, which could effectively compute
the subsets E, F.

Let (U,£2) be a minimally unary MCAS and for
VYa,b € U, we have K;“i“ = K;“i“ or K;“i“ n Kg‘i“ = ¢. Then,
we will design two algorithms which may compute subsets
E and F presented in Propositions 3.7 and 3.8.

Algorithm 1: Computing FE

Input
Output : F.
1 begin
2 Compute

3 Compute
ﬁmin

: A minimally unary MCAS (U, 2) and A, B C U;

FMywm ¢,(A)NFMym ¢,(B), FMyn ¢, (A)NFMyn ¢ (B));

(FMym  c,(ANFMym ¢, (B))/(FMym  c,(A)NFMym ¢, (B))

{Ka1 7Ka2 v"'7KaS }7

4 0~ K;

5 fori=1:si<=s;i++ do
6 for any b; € K" do

7 | K(—KU{bi};

8 end

9

end

10 Compute (FMym ¢,(A) N FMymn ¢,(B))UK;

/] E= (FMz;n:1 c(A)N FMZ;L c;(B)) U K by the construction of E;

11 end

Algorithm 2: Computing subset F’

Input
Output : F.
1 begin
2 Compute

3 Compute
ﬁmin

: A minimally unary MCAS (U, £2) and X,Y C U;

FMym o (X)UFMym ¢, (Y), FMym ¢, (X)UFMym o, (Y));

(FMym | o, (X)UFMym o, (Y))/(FMym ¢, (X)UFMym ¢, (Y))

{Kazl 7Kac2 ,H«,th }7

4 0 — L;

5 forj=1:%j<=tj++ do
6 for any y; € K" do

7 | L—Lu{y;}

8 end

9

end

10 Compute (FMZ:’;1 C; (X) U FMZ:ll c, (Y)) U L,

11 end

/] F=(FMsm ¢ (X)UFMym ¢ (Y))UL by the construction of F;
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Clearly, the computational complexities of Algorithms 1
and 2 are o(s|U|?) and o(z|U|?), respectively.

Example 3.3 Let U = {ay,a,,...,a9},C; = {{agy,a,}, {ay,
ay, ay, Ay, Ay, ds }, {ay, as, ay, as, aq, a7, ag, dg } },and C, = {{ay,
ay,ay, as, dy, ds}, {a,, as, a4, a5}, {ag, a;,ag, a9} }. For A =
{ay,a,,a,,a4,a07}, B = {ay,a3,a4,a;,a3}, we have that

FM ,c,(A) = {ap,a,}, FM¢, ¢, (B) = 6, FM, . (A)= U, and

FM, ., (B) = U.

Let E = {ay,a,,a4}, F = {ay, a,,a,,as}, then we have

(FMg s, (B). M1 (B)) =

(FMCI+CZ(A), FMC]+C2(A)) n <FMCI+C2(B),WI+CZ(B)> ......

(FMC1+CZ(F), FMC1+CZ(F)> - <FMC1+C2(A), FMC]+C2(A)>

v (FMCI+CZ(B)’WI+CZ(B)) ......

(3.2)

Clearly, all the subsets E, F C U satisfying Egs. (3.1) and
(3.2) are not unique. For A = {ay,qa,,a,,a¢,a;},B = {a,,
as,dy, ay,ag}, all the subsets E, F C U computed from Algo-
rithms 1 and 2 are given in Table 5.

For C = {ay,a3,aq,a7,ag,a9}. Let G ={ay,a,},H=

a, d-, de }, then
0> 42, Ag

Table5 Subsets E, F

(FMc.,(G). FM (@) )

= ((FMC]+C2(A),FMC1+C2(A)> n (FMCI+C2 (B). FMC1+C2(B))>

U (FMe 1,0 PV 1(©))
(3.3)

(FMe, v, (). FM e, (D) )

= ((FMC]+C2(A),FMC1+CZ(A)> U (FMCI+C2 B). FMC1+C2(B))>

n (FMCI+C2(C)’FMC,+C2(C)>
— (3.4)

For A=/{aya,aya40a:},B={aya;,a,,a;,a3},C=
{ay, a3, aq, a7, ag, a4}, all the subsets G, H € U, which sat-
isfy Egs. (3.3) and (3.4), computed from Algorithms 1 and
2 are given in Table 6.

4 The second type of MCRSs

Similar to first type of MCRSs, first, we propose the multi-
covering upper approximation. Then, using the duality,
the multi-covering lower approximation will be presented.
Therefore, the second type of MCRSs can be constructed
as follows:

Definition 4.1 Let (U, ) be a MCAS, and 2 = {C,,

C,,...,C,} a family of coverings of U with C; = {K,,
K, ..., K, },and A € U. Denote

Table 6 Subsets G, H

A, B

E

F

{ay, a1, a5, a6,a7}

{ay, a3, a4, a7, a4}

{ag,ar, a6}, {ay. a5, a6}
{ag, ar, a7}, {ay. a5, a7}
{ag, ar, a3}, {ay. a5, a3}
{ag,a, a9}, {ay. a5, a9}
{ag,a3,a¢},{ay. a3, a6}
{ag,a3,a7},{ay, a5, a7}
{ag,a3,a3},{ay. a3, a3}
{ag,a3,a9},{ay. a3, a9}
{ag, a4, a6}, {ay. a4, a6}
{ag, a4, a7}, {ay, a4, a7}
{ag, a4, a3}, {ay, a4, ag}
{ag, a4, a9}, {ay, a4, a9}
{ag,as, a4}, {ay. as, a6}
{ag,as,a;},{a,. as,a7}
{ag,as, a3}, {a,, as, a3}

{ag.as,a9},{ay,as,aq}

{ag, ay, a5, a6}
{ag, ay,ay,a7}
{ag, ay, a5, a3}
{ag, ay, a5, a9}
{ag, ay, a3, a6}
{ag, ay,a3,a7}
{ag, ay, a3, a3}
{ag, ay, a3, a9}
{ag, ay, a4, a6}
{ag, ay,a4,a7}
{ag, ay,a4,a3}
{ag, ay, a4, a9}
{ag, ay,as, a6}
{ag, ay,as,a7}
{ag, ay,as, a5}

{ay,ay,as,a9}

A B, C G H

{ag, ay,a,,a6,a7} {ag,a,} {ag, a3, a6}, {ay, ay, a6}

{ag, a3, a4, a7, ag} {aj, a5} {ag, a5, a7}, {ay,ay,a;}

{ag, a3, a6, a7, a4, a9} {ag, a3} {ag, a5, a5}, {ay,ay, a5}
{ay, a3} {ag, a3, a0}, {ay,ay,a9}
{ag, a4} {ag, a5, a6}, {ay, a3, a6}
{a, a4} {ag,as5,a7},{a,a3,a;}
{ag, as} {ag, a3, a4}, {a, a3, a5}
{ay,as} {ag, a3, a0}, {a,a3,a9}

{ag, a4, a6}, {ay, a4, a6}
{ag, a4, a7}, {ay,a4,a7}
{ag, a4, a5}, {ay, a4, a5}
{ag, a4, a9}, {a,a4,a9}
{ag,as, a6}, {a,as,a6}
{ag,as, a7}, {a,,as,a;}
{ag,as, a5}, {a,,as, a5}

{ao,as,ag}, {(11,(15,(19}
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SMyn ¢ (A) =U{K; € GV (K;NA #0),
ie{l,2,....mhj=12,...,
ICil}, SMyn ¢ (A) =~ SMyn ((~ A)

we, respectively, call SMZ'»Z ] ci(A) and SME@ 1 ci(A) the sec-
ond type of multi-covering upper and lower approximations

of A with respect to (U, £2).

Example 4.1 Let U = {a,a,,,a4},C; = {{a;,a,}, {a,,
a3,a4}, {614,@5}, {aé}}’ andC2 = {{611,612304}3 {611,613,“5},
{as,aq}}. For A = {as}, then we have that SM¢ .. (A) =

{ag,as} U {ay,a5,a5} Ulas,as} = {ay,a3,a4, a5, a6},
SM¢, 4¢,(A) = @.
For A C U, wecall (SMZL c (A), SMZTZI c (A)) the second

type of MCRSs of A. Therefore, C5 = {(SMZ’-’il C[(A),
SMEfn:l ci(A))|A C U} is all of the second type of MCRSs
with respect to (U, 2).

4.1 The second type of multi-covering
approximation operators

In this part, we will discuss the properties of the second
type of multi-covering approximation operators in a MCAS.

Proposition 4.1 Let (U, Q) be a MCAS and A, B C U then
(Mg ((U) = SNz (V)= U, SMy: ) =

SMy: o = ¥
(2)SMy» (4) CA CSMyr o (A)

(3)SMy, ¢ () =~ SNy ¢ (~ ). SMy: ) =~
SMg, q(~ A
(@M c(40B) =My () SMy ¢ (B)

SMZ’_m=1 c¢(AUB) = SMZ}L (AU SMZ;n:] c(B);
S)ACB=> SMZ-"L] c(A) € SMZZ c,(B) and SMZ'-';I c

(A) € SMgn c(B).
Proof 1t is clear by Definition 4.1.

Example 4.2 (Continued from Example 4.1) By Example
4.1, then we have C| + C,(A) = {a,, a3, a4, as, ag }. However,
SMc, 4¢,(SM¢ 1¢,(A)) = U.Hence, SM¢ ¢, (SM¢ ,.¢,(A)) #
SM¢,+¢,(A). At the same time, we have that SM¢ ¢,

(SMc, o, (A) # SMc, 4, (A).

Lemma 4.1 Let (U, Q) be a maximally unary MCAS and
a € U.For each b € K™ ,we have that Kzna" = K™

Proof According to b € K7™, we have that K™ C Kl‘jn""‘.
Suppose that there is ¢ € U such that ¢ € K" /K™, then
K c K. It contradicts with the definition of K.
Therefore, K" = K7™, O

Lemma 4.2 Let (U, Q) be a maximally unary MCAS and
ACU, then SMZ,m:l CI(A) = UaEAK;nax'

Proof (=): Foreachb € SMZT, c,(A)’ there is K;; € € such

thatb € K;; and K;; N A # @. So, K™ N A # @. Then, there
must exist a € A such that a € K;“ax. By Lemma 4.1 , we
have that K;‘a" =K. Therefore, b € K™, i.e.,
b € U, e K™,

(<): For each a € A, we can find K7™ N A # @. By the

Definition 4.1, it is obvious that K;“a" - SMzm_ c (A). Hence,
UuerKy™ € Mgz (A)

Proposition 4.2 Ler (U, 2) be a maximally unary MCAS
and A C U,then

(1SMg, ¢ SMy; ¢ a) = SMy: ¢ Ay
@My, ¢ (Mg, ¢ (4) = Mg, ¢ (A)

Proof

(1) («): It is obvious by Proposition 4.1. (=): For each
be SME";] Ci(SMZ'-’;l c.(A)), there exists K;; € € such

that b € K; and K;; N SMy» . (A) # @. Then, we have
that K" n SMZ?":I c,(A) #@. By Lemma 4.2, there

exists a € A such that K;"™ n K" # @. Thus, we can
choose ¢ € K;)“a" N K;“*”‘. By Lemma 4.1, we have that
K™ = K™ and K™ = K. It can be obtained that
K}‘)mIX = K(‘;‘“X. Hence, we have that b € Kl‘;nax = K('f‘ax C

SMyy, ¢(A). Thatis, SMgy ¢ (SMyy ¢ (4) € SMyr ¢

(A).
(2) We can prove the item by Proposition 4.1 and item (1).

U
Now, we provide an example to further explain the Propo-
sition 4.2.

Example 4.3 (Continued from Example 2.2) For A = {as},

B ={ay,a,,a;, a4}, thenSM¢ ¢ (A) = {ay, as, a4}, SMc ¢,
(SM¢,1¢,(A)) = {ay, as, ag}. Thus, SM¢ ¢, (SM¢ 4, (A)) =
SMc, 4¢,(A). In addition, SM¢ ¢ (B) ={a;,a,,a3},
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SM¢, 4¢,SM¢ 4, (B)) = {a,,a,,a3}. Hence, we can find

that SM. ,.¢,(SM¢ 4, (B)) = SM¢ ¢, (B).

Proposition 4.3 Ler (U, Q)be a maximally unary MCAS
and a € SMZ(ZI Cl_(A), then K™ C SMZZ Ci(A)'

Proof For each a € SMZ'L c (A), there is K € € such that
a€ K and KNA #@. We can find that K™ N A # §. By
Definition 4.1, K** C SMZ@1 c,(A).

Proposition 4.4 Let (U, 2) be a maximally unary MCAS
and A,B C U, then

Obviously, we cannot find a subset F C U such that
(SMc,y ¢, (F). SMc_c.(F)) = (SM¢. ., (A), SMc . (A)U

(SM, c,(B). SMc, ¢, (B)).

Example 4.4 shows us that the second type of MCRSs is
not closed under set union and intersection.

Proposition 4.6 Ler (U, 2) be a maximally unary MCAS
and A,B C U. Then the second type of MCRSs is closed
under set intersection.

Proof Denote M =M,/M,, where M, = SMyn ¢ (AN

SMy» (B),M, = SMyn ¢ (A)NSMyn (B). Let M =

QY SMZT:] Ci(SMZZ’LI C[(A) U SMZ,ZI c,(B)) = SMZL c
(A)USMy» ¢ (B);
(2)SMyr ¢ (SMyr ¢ (A)NSMy» ((B)) = W
(4) N SMy» ¢ (B);
3) SMZ}L C,»(SMZEL (AU SMZ?L cB) = SMZZ’; G

() USMgy (B
(4)SMy ¢ (SMyr ()N SMg ¢ (B) = SMy ¢

A)n SMZ?; c,(B).
Proof 1t is immediate through Propositions 4.1 and 4.2.
Proposition 4.5 Ler (U, 2) be a maximally unary MCAS,

a€Uand AC U IfK™ = {a}landa € SMzm:] C’(A).Then
ae SMZ/N;] Ci(A)'

Proof Suppose that {a} N SMZ'-L cA) = @, we have that

ae SMZZ Ci(N A). It can be obtained that {a} N (~ A) # @.

By the assumption in this proposition, it follows that
K™ nA=¢. Thus, {a}n SME'-’LI ci(A) =@. Hence,

ae SMEL Ci(A)' O

4.2 Operation properties of the second type
of MCRSs

In this section, we research the operations of intersection and
union on the second type of MCRSs.

Example 4.4 Let U ={a,,a,,...,a4},C, = {{a,,a,}, {a,,

‘13},{6117614}’ {as’ae}}’cz = {{a1sa2,a3}, {as}, {(13,(15},
{ag}}. For A={a,,a,,a5}, B=1{as,as,as}, we have

SMC,+C2(A) = {az}’SMc,+C2(B) = {as’%}’SMC]+c2(A) =

{a,ay,a5,a4,a5}, and SMc¢ ,c (B) = {a,,a,,a3, 05,06} .

@ Springer

{K™|a € M,K™ nM, =@} and M = {K™|a, € M,

i=1,2,...,1}, where M must satisfy the following condi-

tions: (a) M’ C M; (b) For any two elements of M, the
intersection of them is empty; (c) For each KT e M, there
exists K7™ e M’ such that K7™ = K. Denote

K ={a]K™ e M',i=1,2,...,1}and E = M, UK. Simi-
larly, we have that (SMZL ci(E)’ SMEZ Ci(E)) = (SMZ'ZI ¢
(4).SMyr ¢ (4) N (SMy» ¢ (B).SMgr (B)). O
Proposition 4.7 Let (U, Q)be a maximally unary MCAS

and A,B C U.Then the second type of MCRSs is closed
under set union.

Proof Denote N =N,/N,, where N;=SMyn (AU

SMy» ¢ (B),N, = SMy» ¢ (A)USMyn ¢ (B). Let N =

{K™|a € N,K™ NN, =@} and N' = {K™¥|q; € N,j =
J

1,2,...,k}, where N " must satisfy the following conditions:

(a) N' C N; (b) For any two elements of N, the intersec-

tion of them is empty; (c) For each K;“a" € N, there exists
K™" € N such that K™* = K™, Denote L = {a;| KM €
7 i J

N'/,j =1,2,...,k}and F = N; U L. Similarly, we can prove
that (SMZLL Ci(F)’ Sl\/[z:’m:1 C,(F)) = (SME‘”; Ci(A)’ SMZ’m:l c

(A) U(SMy» . (B).SMyr ¢ (B)).

Remark 4.1 On the one hand, based on the constructions of
E and F, the proofs of Theorems 4.6 and 4.7 can be com-
pleted. According to the constructions of E, F, it can be
obtained that the second type of MCRSs is closed under
set intersection and union. In other words, for any subsets
A, B C U, there are two subsets E, F such that the following
two equations hold:
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<SME§Z, (B, SMZ}L c,(E)>
= <SM27;1 ¢(A),SMgy, c,<A>> n <SM27;1 c(B),SMgy, c,<B>>’
(SMZL ¢ SMgy, ¢ (F ))

= (SMZL’; ¢, (), SMgr, c.(A)> U (SMZZL c,(B). SMyr, c,(3)>

On the other hand, according to the constructions of sub-
sets E, F presented in Theorems 4.6 and 4.7, it is easy and
important for us to develop two algorithms, which could
effectively compute the subsets E, F.

Similarly, we can also design the corresponding algo-
rithms to compute subsets E, F shown in Propositions 4.6
and 4.7, respectively. We will not repeat them here.

Example 4.5 Let U = {ay,a,,...,a4},C; = {{ag,a,}, {a,,
a79a8’a9}5 {Cl3}, {a47a6}9 {03,04,05,06}}, and C2 = {{ao},
{ag,a,}.{ay, a7}, {as,a4,a5},{ag}, {a;,a5,a9}} . For
A ={ay,ay,a4}, B =1{ay,a,,a4,a;}, then, we have that

SM¢, ¢, (4) =B, SM¢. ¢, (B) = {ag.a,}. SMc, ¢, (A) =
U, SM¢, ,c.(B) = U.

Let E = {ay, a,,a3}, F = {ay, a;, a,, a; }, then we have

(SMc.+c2(E), SMc]+cz(E)>

= (SMcpc, (0. Mg o, () ) 1 (Mg, (B SM o, (B)) -

“4.1n
Table7 Subsets E, F
A, B E F
{ag, a;, a6} {ag, a5, a5}, {ay,ay, a5} {ag, ay,ay,a3}
{ag,ay, a6, a7} {ag,ar, a4}, {ay, ay, a4} {ag, a1, ay,a4}
{ag, ap,as}, {ay, a5, a5} {ay, a1, a5, a5}
{ag, ay, a4}, {ay, a5, a6} {ay, a1, a5, a6}
{ag, a3,a;}, {ay,a5,a;} {ay, ay,a3,a7}
{ag, ay,a;}, {ay, a4, 07} {ay,ay,a4,a7}
{ag,as,a7},{a;,as,a;} {ay, ay,as,a7}
{ag,aq, a7}, {ay,a6,a7} {ag,ay,a6,a7}
{ag, a5, a4}, {a, a3, a5} {ag, ay, a3, a3}
{ag, as, a5}, {ay, a4, a5} {ag, ay, a4, a3}
{ag,as, a5}, {ay, as,a5} {ag, ay,as, a3}
{ag, aq, a5}, {ay, a6, a5} {ag, ay, a6, ag}
{ag, a3, a9}, {ay,a3,a9} {ag, ay, a3, a9}

{ay,ay,a4,a9}
{ay,ay,a5,a9}

{ag, ay,aq, a9}

{ag,ay,a9},{ay, a4, a9}
{ag,as,a9},{ay,as, a9}

{ag. ag. a9}, {ay, a4, a9}

(SMe e, (P SV i, (P))

= (SMCI+CZ (A),SMC]+CZ(A)) U (SMCI+C2(B),SMC]+C2(B)> ......
4.2)
For A = {ay,a,,a4},B = {ay, a,,aq, a;}, all the subsets
E,F C U satisfying Eqgs. (4.1) and (4.2) are presented in
Table 7.
ForC = {ay,a,,a,,a3}.LetG = {ay, a,,a,,a3}, H = {a,
a,,a,,as}, then

(SMc46,(6). M 1,©))
= (Mo, - SMe e @) 0 (Mo B SV (8
0 (SMe,0,(0). 8 e (©)) -

4.3)

(SMe e, (), Vg, (D)

= ((SMC1+C2(A), SM.c, (A)) U (SMc, 1, (B, SMC1+C2(B))>
0 (SMe,4,(0, M 1,(©)) -+
(4.4)

ForA = {ay,a,, a4}, B = {ay,a,,aq,a,},C = {ay,a,,a,,a3},
all the subsets G, H C U satistying Eqgs. (4.3) and (4.4) are
given in Table 8.

5 Algebraic theory of MCRSs

In this part, according to the operation results of MCRSs, the
algebraic theory of MCRSs will be researched in detail. The
relevant concepts of algebra can be consulted in reference
(Kong and Xu 2018a).

5.1 Algebraic properties of the first type of MCRSs
In this subsection, according to the operation properties of
MCRSs, many basic and important algebraic properties of
the first type of MCRSs will be further discussed. Let (U, £2)
be a minimally unary MCAS, and for Va,b € U, we have
K™n = KMt or K™t K" = §J. Then, the following results
hold.

Theorem 5.1 (CF,uU,n) is a lattice.

Theorem 5.2 (CF, U, N)is a distributive lattice.

Proof For (FMg» ¢ (A),FMyn (), (FMgn ¢ (B),
FMyn ¢ (B)), and (FMy» (. (C), FMygn (C)) € CT, then
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Table8 Subsets G, H

A B, C

G

H

{ay,ay, a6}
{a()s ay,dg, 617}

{a()s al,az,a3}

{ag, ay, a5, a3}
{ag, ay, a5, a4}
{ag, ay, ay, a5}
{ag, ay, a5, a6}
{ag, ay, a3, a7}
{ag, ay, a4, a7}
{ag,ay,as,a7}

ay, ay, dg, dq )
ag, ay, as, dg )

{
{
{ag.ay,a,,ag)
{ag.a,,as5,ag)
{

0
0
0
ay, ay, dg, dg )
{ag.ay, a3, a9}
{ag, ay, a4, a9}
{ag, ay,as, a9}

{a(), ay,dg, ag}

{ag, ay, a5, a3}
{ag, ay, a5, a4}
{ag, ay, a5, a5}
{ag, ay, a5, a6}
{ag, ay, a3, a7}
{ag,ay,a4,a7}
ay, ay,ds, dqy )
ay, ay, dg, dq )
ay, ay,as, dg )
ag, ay, ay, dg)
ay, ay,ds, dg )
ay, ay, dg, dg )
ay, ay,az, dg )
ag, Ay, ay, dg )
ay, ay, ds, dg )

{
{
{
{
{
{
{
{
{
{

ay, ay, dg, dg )

(FMy» ¢ (A). FMyn ¢(A4))

N((FMgn ¢ (B),FMyn ¢ (B) U (FMgn ¢ (C). FMgr ¢ (C))

= (FMgy ¢(A),FMg» ¢ (A) 0 (FMsn ¢ (B), FMgy ¢ (B)))

U(FMgn . (A). FMyr o (4) N (EMgn ¢ (C). FMyr ¢ (C);

(FMygn ¢ (A),FMyn (A))

U (FMy (B).FMyr (B)n (Y, C/(C).
— i=1

e @)

= (FMgy, ¢ (4).FVg (4D U Mgy o (B.FM g ¢ (B)

N (FMyn o (A). FMyr ¢ (4) U (FMgn (C). FMgr c(C).

Thus, the proposition holds. []

Theorem 5.3 (CF,u,n, ~)is a soft algebra.

Proof It is immediate by the definition of soft algebra.

g

For each (FMZT"= ] c,.(A)’FMZ’.’; c (A)) € CF, suppose that

(FMygn ¢ (A),FMyn (A)" = (~ FMgn ¢ (A),~ FMgn ((A)),
then the following conclusion holds.

Theorem 5.4 (CF,u,n, ~, (@, 9))is a pseudo-complement
lattice.

@ Springer

Proof For (FMyn (). FMyn (A)) € CF, then

(1) (FMyn ¢(A),FMgn ¢ (A) N (FMyn ¢ (A), FMgn ¢,

(A)* = (FMy» (4) N (~ FMyr o (4)). FMyr ¢ (A)
N(~ FMgr ¢ (A4)= @.9).

(2) For (FMgr ((A),FMyn ¢ (A)),(FMyn ¢ (B), FMyn ¢
(B)) € CT.Let(FMy» ((A),FMyn (A)) N (FMy» .

(B). FMz» ¢, (B)) = (8. #). Then (FMg» ¢ (A)NFMg» ¢,

(A)NFMyn ¢ (B)) = (3,0). We have that FMy» ¢ (A)
NFMy» ¢ (B) = @. In other words, WQN
W(A). Since FMy» (4) C FMy» ((4), so,
FMy» (B) S~ FMy» (A). Then (FMy» ¢ (B),
FMgy ¢(B) € (FMgr ¢ (A). FMgr c(A))* Thus the

proposition holds.

O
Remark 5.1 In this section, some basic algebraic properties
of MCRSs are explored. In fact, there are many other alge-
braic properties that need to be further studied. For example,
is (Cf,u,n, ~,0) a group? For each element of CF', what is
the inverse? Unfortunately, we are not able to answer these
questions.

5.2 Algebraic properties of the second type
of MCRSs

In this part, according to the operation results of MCRSs,
lots of useful algebraic conclusions of the second type of
MCRSs can be investigated. Let (U, £2) be a maximally
unary MCAS. It is easy to see that algebraic theory of the
second type of MCRSs is similar to those of the first type of
MCRSs. Therefore, algebraic theory of the second type of
MCRSs will no longer be repeated here.

6 Conclusion

In this part, we first introduce the main conclusions obtained
in our paper. Then, we make further prospects for future
research work.

1. Main conclusions of our paper The MCRS theory is
the meaningful development of classical rough sets. Up
to now, many excellent results of MCRSs have been
presented. The main conclusions of this paper are to
develop the operation theory of MCRSs and then further
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explore the algebraic properties of MCRSs. First, to find
more excellent results, we researched the properties of
the two types of covering-based approximation operators
with respect to the minimally (maximally) unary MCAS
and got many good properties. In addition, the concepts
of intersection and union of MCRSs were initiated. Fur-
thermore, we proved that the two types of MCRSs with
respect to minimally and maximally unary coverings are
closed under set intersection and union, respectively. At
the same time, we also develop two algorithms to com-
pute the intersection and union of MCRSs for its further
application. Finally, lots of basic and meaningful alge-
braic properties of MCRSs are further studied.

2. Further research work Clearly, on the basis of algebraic
theory of MCRSs, new achievements in further research
are needed. For example, only a part of algebraic proper-
ties of MCRSs is investigated in this paper. More alge-
braic properties should be studied. Meanwhile, accord-
ing to the algebraic properties of MCRSs, we can solve
lots of practical problems, such as network security, and
neural network. Therefore, these problems need to be
solved in the future.
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