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Information granules realize a framework in which we formu-
late generic concepts by adopting a certain level of abstraction.

Information granules are formalized in many different ways.
Clustering delivers a natural mechanism to construct informa-
tion granules in the presence of numeric data. As a matter
of fact, a main agenda of clustering is to reveal a struc-
ture of data, namely, form a collection of clusters-information
granules [17]. There is a genuine diversity of clustering algo-
rithms. Depending upon the method used, the results arise
as information granules expressed in terms of sets, fuzzy
sets [33], rough sets [15], [16], [34], formal concepts [25],
and so forth. Sets stress the notion of dichotomy. Fuzzy sets
depart from the dichotomy by emphasizing the idea of partial
membership and in this way offer a possibility to deal with
concepts where the binary view of the underlying concept is
not suitable or overly restrictive. Rough sets bring another con-
ceptual and algorithmic perspective by admitting an inability
for a full description of concepts in the presence of a lim-
ited collection of information granules. Roughness comes as
a manifestation of the limited descriptive capabilities of the
vocabulary used, with which the description is realized. Each
formal concept is the pair (objects and attributes), which con-
sists of two parts: 1) the extension (objects covered by the
concept) and 2) intension (attributes describing the concept)
in FCA theory. FCA was proposed by Wille [22] in 1982, and
the key of this theory is based on mathematical expressions
of the formal concept. Concept lattice can be depicted by a
Hassen diagram, where each node expresses a formal concept.
A concept lattice is an ordered hierarchical structure of formal
concepts that are deÞned by a binary relation between a set
of objects and a set of attributes.

In addition, Zadeh [32] Þrst proposed and discussed the
issue of fuzzy information granulation in 1979. Burusco [4]
presented the Þrst paper on FCA in a fuzzy setting. Later,
Pollandt [20], Belohlavek [3], Yahia and Jaoua [31], and
Krajci [10] proposed the L-fuzzy context to combine fuzzy
logic with FCA. Panget al. [14] and Xuet al. [24] developed
the knowledge reduction in lattice-valued information systems
with interval-valued intuitionist fuzzy decision is the further
study about the fuzzy concept lattice. Kumar [11] introduced
the fuzzy clustering-based FCA for association rules mining,
it is an application of the fuzzy formal concept.

The choice of a suitable formal framework of information
granules is problem oriented and has to be done according to
the requirements of the problem, ways of acquisition of infor-
mation granules (both on the basis of domain knowledge and
numerical evidence), and related processing and optimization
mechanisms available in light of the assumed formalism of
information granularity.

In fact, there are two types of fuzzy information granules, one
is that intension and extension are fuzzy, the other one is that the
intension is fuzzy while the extension is classic. In this paper,
we mainly consider the fuzzy concept which the intension
is fuzzy and the extension is classic. We will investigate the
issues that are fuzzy intension and fuzzy extension in the future
work. We describe concepts and form models using formal
concept description of information granules. These constructs
become of particular interest when information granules have

to capture a multifaceted nature of the problem. To realize
a novel machine-learning process, we will establish a special
two-way learning model in the view of GrC, and discuss fuzzy
information granules in the fuzzy datasets. The fuzzy concept
is described as a necessary and sufÞcient fuzzy information
granule. The aim of two-way learning methods is to obtain
the fuzzy concepts from general fuzzy information granule.

This paper is organized as follows. Some preliminary con-
cepts of fuzzy set theory and FCA that are required in this
paper are brießy reviewed in Section II. In Section III, we
propose a novel model of two-way learning system in fuzzy
datasets. Notions of fuzzy information granules, such as neces-
sary fuzzy information granules, sufÞcient fuzzy information
granules as well as necessary and sufÞcient fuzzy information
granules, are presented. Moreover, the relationship between an
object and its fuzzy attributes is discussed in view of informa-
tion granules in this two-way learning system. In Section IV,
we suggest how to learn necessary fuzzy information gran-
ules, sufÞcient fuzzy information granules, and necessary and
sufÞcient fuzzy information granules from any fuzzy informa-
tion granule. Furthermore, we present a real-life case study
and give experimental evaluation by Þve datasets from the
University of CaliforniaÑIrvine (UCI) dataset. Finally, we
conclude our contribution with a summary and an outlook for
the further research.

II. RELATED WORK AND FOUNDATIONS

As we study a novel-learning system in fuzzy datasets, it
is necessary to introduce the basic concepts of fuzzy set and
FCA. In this section, the involved notions of fuzzy set the-
ory and FCA are introduced brießy. Detailed description of
them can be found in corresponding references. Throughout
this paper, the power set ofU is denoted byP(U).

A. Fuzzy Sets

For a nonempty and Þnite setU, which is called the
universe, a fuzzy set�X of U has the following form:

�X = �
< x, u�X(x) > |x ∈ U

�

whereu�X : U → [0, 1], u�X(x) is called the membership degree
to �X of the objectx ∈ U. In general, we useF (U) to denote all
fuzzy sets in the universeU. Given two sets�X1, �X2 ∈ F (U),
for any x ∈ U, �X1 ⊆ �X2 ⇔ u�X1

(x) ≤ u�X2
(x). If �X1 ⊆ �X2 and

�X2 ⊆ �X1, then we say�X1 is equal to�X2, denoted by�X1 = �X2.
The universe set and empty set are special fuzzy sets where
�U = {< x, 1 > |x ∈ U} and�∅ = {< x, 0 > |x ∈ U}. Let us
denote intersection and union of�X1 and �X2 by �X1 ∩ �X2 and
�X1 ∪ �X2, respectively. Moreover, we denote complement of�X
by ∼ �X. Let �X1, �X2 ∈ F (U), then forx ∈ U

∼ �X = �
< x, 1 − u�X(x) >

�

�X1 ∩ �X2 = �
< x, ∧ �

u�X1
(x), u�X2

(x)
�

>
�

�X1 ∪ �X2 = �
< x, ∨ �

u�X1
(x), u�X2

(x)
�

>
�
.

B. Basic Notions on FCA

The notion of formal concept provides a convenient basis
for the representation of objects in terms of their attributes [7].
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TABLE II
DATA DESCRIPTION

t2 = |U| × |AT|. The time to judge whether(a1, �b1) is a
necessary fuzzy information granule or a sufÞcient fuzzy infor-
mation granule or not the two ist3 = (L − 1) × |U| + |AT|.
Thus, the time complexity to Þnish Steps 3 and 4 ist4 = t1+
t2 + t3 = |U| × |AT| + L × |AT| + L × |U| − |U|. The time
complexity of Steps 3 and 4 is completed.

The Þrst four steps are preparations to calculate necessary
fuzzy information granule, sufÞcient fuzzy information gran-
ule, and necessary and sufÞcient fuzzy information granule.
The next Step 5 to learn necessary fuzzy information granules
from general fuzzy information granule. There are six meth-
ods and we will discuss them, respectively. For the methods
N1, N2, N3, time complexities are the same, all of these three
areU × |AT| + |AT|. For the methodN4, the time complexity
is |U|× |AT|+ (L−1) ×|AT|. The time complexity of method
N5 is (L − 1) × |AT| + |U| × |AT| + |AT|. The methodN6 is
2× |U| × |AT| + (L − 1) × |AT|. Then, we have the total time
complexity of Step 5 ist5 = 7×|U|×|AT|+3×L×|AT|−|AT|.
The time complexity of obtaining sufÞcient fuzzy information
granules in Step 6 ist6 = 3×|U|×|AT|+2×L×|AT|−|AT|.

Since, we have calculated the time complexity before Step 7.
For every method in Steps 5 and 6, it must be calculated by
the two methods in Steps 7 and 8, respectively. Then, we can
get the time complexity of Steps 7 and 8 ast7 = 12× |U| ×
|AT| + 6× |U| × L + 6× |AT| andt8 = 2× |U| × |AT| + 2×
L × |AT| + 2 × |U| × L. The time complexity of Step 9 will
be not considered, since the output runs fast and direct.

From the above analysis, we can know that the maxi-
mum time complexity of the main part in the algorithm
(Steps 1Ð8) is

tmain = t4 + t5 + t6 + t7 + t8
= 25× |U| × |AT| + 8 × L × |AT| +

(9 × L − 1) × |U| + 4 × |AT|.
As L (1 ≤ L ≤ |U|) is the cardinal number of the initial

objects, the maximum complexity of the main algorithm is
approximatelyO(|U|2 + |U| × |AT|).
C. Case Study and Experimental Evaluation

In order to interpret the two-way learning approach, a case
study about loans to the countries from the United Nations is
constructed, and we perform the empirical experiments by the
C++ programme about some datasets from the UCI.

Firstly, we give a fuzzy dataset about the basic situations
of the developing countries presented in the Appendix. This
fuzzy formal context is denoted by(U, AT,�I ), where U is
combined by the 125 countries and AT is the fuzzy attributes,
which includes the following seven elements.

Growth rate of population (GRP) (Data fromzh.wikipe
dia.org/wiki/%E5%90%84%E5%9B%BD%E4%BA%BA%E5
%8F%A3%E8%87%AA%E7%84%B6%E5%A2%9E%E9%9
5%BF%E7%8E%87%E5%88%97%E8%A1%A8).

Urbanization rate (UR) (Data fromwww.iefnews.com/News
View.Asp?ID=1296).

Economic growth index (EGI) (Data frombbs.tianya.cn/
post-worldlook-710506-1.shtml).

Human development index (HDI) (Data fromzh.wiki
pedia.org/wiki/%E4%BA%BA%E9%A1%9E%E7%99%BC%
E5%B1%95%E6%8C%87%E6%95%B8%E5%88%97%E8%
A1%A8).

Degree of education (DE) (Data fromclub.kdnet.net/
dispbbs.asp?boardid=1&id=6958472).

Government support (GS) (ArtiÞcial construction).
Forest coverage rate (FCR) (Data fromwww.360doc.c

om/content/13/0323/17/9159788_273451073.shtml).
To encourage the developing countries to develop their

economic, now the United Nations offers grant loans to the
countries in need. There are about 125 candidate develop-
ing countries in the world. United Nations must consider
several conditions to make it much equality, which includes
seven fuzzy attributes. The methods proposed in this paper
can be used to select the suitable countries. Through sev-
eral rounds of voting and selection, one may get the initial
fuzzy information granule (X0, �B0), whereX0 is the countries
and�B0 is the fuzzy attributes. While this result (X0, �B0) may
induce the situations that the countries being selected do not
satisfy the given fuzzy attributes and the countries satisÞed
the given attributes are not selected. Here, now givenX0 =
{x1, x9, x15, x31, x38, x46, x55, x82, x88, x99, x100, x117, x125} and
�B0 = {< GRP, 0.01 >, < EGI, 0.05 >, < HDI, 0.55 >,
< DE, 0.70 >, < GS, 0.75 > }. When the fund is abundant,
then the United Nations can consider to loan much more
countries. The sufÞcient fuzzy information granule is a good
choice. We can compute the sufÞcient fuzzy information gran-
ules of (X0, �B0) by the above program in Case 2 as follows.

1) (P ◦ �F (X0), �B0 ∨ �F (X0)) = ({x1, x2, x3, x4, x7, x9, x10,
x11, x12, x13, x14, x15, x20, x23, x24, x28, x30, x31, x32, x37,
x38, x42, x45, x46, x47, x48, x53, x54, x55, x57, x58, x59, x60,
x66, x67, x70, x71, x73, x79, x81, x82, x84, x87, x88, x89, x94,
x96, x98, x99, x100, x102, x106, x110, x111, x114, x117, x118,
x120, x121 x125}, {< GRP, 0.01 >, < UR, 0.21 >,
< EGI, 0.05 > < HDI, 0.55 >, < DE, 0.70 >,
< GS, 0.75 >, < FCR, 0.15 > }).

2) (X0∨P(�B0), �F ◦P(�B0)) = ({x1, x9, x12, x4, x15, x23, x24,
x31, x38, x46, x47, x48, x55, x58, x82, x87, x88, x89, x94, x99,
x100, x101, x110, x117, x120, x121, x125}, {< GRP, 0.01 >,
< UR, 0.15 >, < EGI, 0.05 >, < HDI, 0.57 >,
< DE, 0.70 >, < GS, 0.79 >, < FCR, 0.15 > }).

It should be noted that the learning methods from initial
fuzzy information granule may generate the same sufÞcient
fuzzy information granules. Furthermore, if the United Nations
hope that the selected countries must satisfy the given fuzzy
attributes and all the countries which satisfy the given fuzzy
attributes must be selected. Now, the necessary and sufÞcient
fuzzy information granule is a good choice. Thus, we can
compute the necessary and sufÞcient information granules of
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of selected objects and the kind of selected membership
functions. However, it is closely related to the number of whole
samples and the number of features.

VI. CONCLUSION

Machine-learning research has been making a great progress
in many directions. Machine-learning techniques are being
applied to new kinds of problem, including knowledge dis-
covery in databases, language processing, robot control, and
combinatorial optimization, as well as to more traditional prob-
lems such as speech recognition, face recognition, medical
data analysis, game playing, and so on. The basic element of
fuzzy dataset is the fuzzy information granule. By considering
fuzzy information granules, this paper investigated carefully
the inner relationship among three kinds of fuzzy informa-
tion granules in fuzzy dataset, namely necessary, sufÞcient,
and necessary and sufÞcient fuzzy information granules. By
the two-way learning system in fuzzy datasets, one can obtain
necessary, sufÞcient, and necessary and sufÞcient fuzzy infor-
mation granules from an arbitrary fuzzy information granule
in many different methods. As to handling a big data case
analysis about the two-way learning system in fuzzy datasets,
we used the C++ computer program to fulÞll and simplify the
computing, the time complexity of the learning algorithm is
aboutO(|U|2+|U|×|AT|). To illustrate our two-way learning
system, we constructed a real-life example about loans to the
developing countries from the United Nations, and tested the
two-way learning algorithm in the UCI datasets. In the future,
we will study the information granules in intuitionistic fuzzy
datasets and neighborhood fuzzy datasets.

APPENDIX

DATASET ABOUT DEVELOPING COUNTRIES
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