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In order to conduct classification analysis in inconsistent ordered information systems, notions on possi-
ble and compatible distribution reductions are proposed in this paper. The judgement theorems and dis-
cernibility matrices associated with the two reductions are examined, from which we can obtain an
approach to the two reductions in rough set theory. Furthermore, the dominance matrix, possible and
compatible decision distribution matrices are also considered for approach to these two forms of reduc-
tions in inconsistent ordered information systems. Algorithms of matrix computation for possible and
compatible distribution reductions are constructed, by which we can provide another efficient approach
to these two forms of distribution reductions. To interpret and help understand the algorithm, an exper-
imental computing program is designed and two cases are employed as case study. Results of the small-
scale case are calculated and compared by the discernibility matrix and the matrix computation to verify
the new method we study in this paper. The large-scale case are calculated by the experimental comput-

Keywords:

Compatible distribution reduction
Matrix computation

Ordered information system
Possible distribution reduction
Rough set

ing program and validated by the definition of the reductions.
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1. Introduction

Rough set theory, which was first proposed by Pawlak in the
early 1980s [20], can describe knowledge via set-theoretic analysis
based on equivalence classification to the universe of discourse. It
provides a theoretical foundation for inference about data analysis
and has extensive applications in areas of artificial intelligence and
knowledge acquisition.

A primary use of rough set theory is to process the concepts
with vagueness and uncertainty. The attribute reduction is one of
the much important research spotlights in database and informa-
tion systems. For a data set with discrete attribute values, the
course of attribute reduction can be done by reducing the number
of redundant attributes and find a subset of the original attributes
that are the most informative. As is well known that an informa-
tion system may usually have more than one reduct. This means
the set of rules derives from knowledge reduction is not unique.
In practice, it is always expected to obtain the set of the most con-
cise rules. Therefore, people have been attempting to find the min-
imal reduct of information systems, which means that the number
of attributes contained in the reduction is minimal. Unfortunately,
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it has been proved that finding the minimal reduct of an informa-
tion system is a NP-hard problem [11].

Recently, some new theories and reduction methods have been
developed. Many types of knowledge reduction have been pro-
posed in the area of rough sets [1,4,13,14,18,20,23,24,29,30,35].
Possible rules and possible reducts have been proposed as a means
to deal with inconsistence in an inconsistent decision table [15,16].
Approximation rules [28] are also used as an alternative to possible
rules. On the other hand, generalized decision rules and general-
ized decision reducts [12,16] provide a decision maker with
more flexible selection of decision behavior. In [14], the notions
of a-reduct and «-relative reduct for decision tables are defined.
The wa-reduct allows occurrence of additional inconsistency that
is controlled by means of a parameter. In [28], Slezak presented a
new concept of attribute reduction that keeps the class member-
ship distribution unchanging for all objects in the information sys-
tem. It was shown by Slezak [27] that the knowledge reduction
preserving the membership distribution is equivalent to the
knowledge reduction preserving the value of generalized inference
measure function. A generalized knowledge reduction was also
introduced in [27] that allows the value of generalized inference
measure function after the attribute reduction to be different from
the original one by user-specified threshold. By eliminating the rig-
orous conditions required by distribution reduct, maximum distri-
bution reduct was introduced by Zhang et al. in [41].
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Partition or equivalence (indiscernibility) relation is an impor-
tant and primitive concept in Pawlak’s original rough set theory.
However, partition or equivalence relation is much restrictive in
many applications. To overcome this limitation, classical rough sets
have been extended to several interesting and meaningful general
models in recent years by proposing other binary relations and
operators, such as tolerance relations [26], neighborhood operators
[39], and others [17,21,22,32-36,40]. Moreover, the original rough
set theory does not consider attributes with preference ordered do-
main, that is criteria. Particularly, in many concrete situations, we
often meet and deal with many problems in which the ranking of
the values corresponding to the employed attributes plays a signif-
icant and crucial role. One such type of problem is the ordering of
objects. To adapt and deal with these cases, Greco, Matarazzo,
and Stowinski [5-10] proposed an extension to rough set theory,
called the dominance-based rough set approach (DRSA) to take into
account the ordering properties of criteria. This innovation is
mainly based on substitution of the indiscernibility relation by a
dominance relation. In DRSA, condition attributes are criteria and
classes are preference ordered, the approximation of knowledge is
a collection of upward and downward unions of classes and the
dominance classes are sets of objects defined via dominance rela-
tions. As applications being developed consulting with DRSA, sev-
eral further studies have been made about properties and
algorithmic implementations of DRSA in recent years[2,3,31,37,38].

Nevertheless, only a limited number of methods using DRSA to
acquire knowledge in inconsistent ordered information systems
has been proposed and studied. Pioneering work on inconsistent
ordered information systems with the DRSA has been proposed
by Greco, Matarazzo, and Stowinski [17-22], but they did not
clearly point out the semantic explanation of unknown values.
Shao and Zhang [25] further proposed an extension of the domi-
nance relation in incomplete ordered information systems. Their
work was established on the basis of the assumption that all un-
known values are lost. Despite this, they did not mention the
underlying concept of attribute reduction in inconsistent ordered
decision system but an approach to attribute reduction in consis-
tent ordered information systems. Therefore, the purpose of this
paper is to develop approaches to attribute reductions in inconsis-
tent ordered information systems. The main contribution of this
work is to define two new types of reductions called, respectively,
possible and compatible distribution reductions and study the
methods to acquire them. On the basis of the definitions, the judge-
ment theorems and discernibility matrices associated with the two
reductions are listed to develop several equivalent conditions with
the possible and compatible distribution consistent sets. The ma-
trix computing approach and the corresponding algorithm are
investigated to extract the above two types of reductions. An
small-scale inconsistent information system is employed as an
example to interpret what we study in every section and studied
by the approaches which is a powerful demonstration of the valid-
ity of the algorithm. Furthermore, two cases are employed to verify
the feasibility and validity of the matrix algorithm approached in
this paper.

The rest of this paper is organized as follows. To facilitate our
discussion, some preliminary concepts are briefly recalled in
Section 2. In Section 3, theories and approaches on possible and
compatible distribution reductions are investigated in inconsistent
ordered information systems. The judgement theorems and
discernibility matrices associated with the two reductions are
examined, from which we can obtain a further approach to these
two reductions in rough set theory. In Section 4, we introduce con-
cepts of dominance matrix, possible and compatible decision dis-
tribution matrices in inconsistent ordered information systems.
Furthermore, algorithm of matrix computation on possible and
compatible distribution reductions is designed, from which we

can developed another approach to attribute reduction in inconsis-
tent ordered information systems. Moreover, two cases, a small-
scale for convenience to compute and a large-scale on Concrete
Slump, are employed to verify the feasibility and validity of the
matrix algorithm, and still show that the method is effective and
efficient in this complicated information system in Section 5. Final-
ly, We then conclude the paper with a summary and outlook for
further research.

2. Rough sets and ordered information systems

The following recalls necessary concepts and preliminaries re-
quired in the sequel of our work. Detailed descriptions on rough
set theory can be found in the source papers [5-10]. A comprehen-
sive description has also been made in [41] and readers who need
can look back into the reference.

The notion of information system (sometimes also called data
table, information table attribute-value system, knowledge repre-
sentation system etc.) provides a convenient tool for the represen-
tation of objects in terms of their attribute values.

An information system is an ordered quadruple Z = (U, AT, V. f),

o U={xq,Xs,...,X,} is @ non-empty finite set of objects, called the
universe;
e AT={ay,0,,...,a,} is a non-empty finite set of attributes, called

the attribute set;

e V=] qearVq and V, is a domain of attribute a;

e f:U x AT — Vis a function such that f{x,a) € V,, for every a € AT,
x € U, called an information function.

An information system with decision is a special case of an
information systems in which, among the attributes, we distin-
guish on called a decision attribute. The other attributes are called
condition attributes. Therefore, 7 = (U,Cu{d},V,f) and Cn
{d} =0, where attribute sets C and {d} are condition attributes
and the decision attribute respectively.

In an information system, if the domain of an attribute is or-
dered according to a decreasing or increasing preference, then
the attribute is a criterion.

Definition 2.1 (see [5-10]). An information system is called an
ordered information system (OIS) if all attributes are criteria.

Assume that the domain of a criterion a € AT is completely pre-
ordered by an outranking relation >, then x > ,y means that x is at
least as good as y with respect to criterion a. And we can say that x
dominates y. In the following, for convenience to study, we
suppose that criteria have a numerical domain, that is, V,C R (R
denotes the set of real numbers). Being of type gain, that is
x =y & fix,a) > fly,a) (according to increasing preference) or
X = oy & flx,a) < fly,a) (according to decreasing preference), where
acAT, x,y e U

Without any loss of generality and for simplicity, we only
consider condition attributes with increasing preference in the
following.

For a subset of attributes B C AT, we define x = gy & Va € B,
fix,a) = f(y,a), and that is to say x dominates y with respect to all
attributes in B.

In general, we denote an ordered information system by
7= = (U,AT,V,f), and denote an ordered information system with
decision by 75 = (U,C U {d}, V,f), in which the decision attribute is
a single one d.

For an ordered information system with a single decision
attribute, we say that x dominates y with respectto B C Cifx > gy,
denoted by xRy, and x dominates y with respect to d if x = 4,
denoted by xR7y. That is
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R; = {(x,y) € U x Ulx=py} = {(x,y) € U x U|f(x,a) > f(y,a),Va € B},
Xy

R ={(x.y) € Ux Ulxzay} = {(x.y) € U x Ulf (x.d) > f(y.d)}.

R; and Rj are called dominance relations in ordered information

system Z7.

Denote
X5 = {x € U|(x;,x:) € Rg } = {x; € Ulf (x;,a) > f(x;,q),Va € B},
[xil; = {x € U|(x;,x;) € Rj } = {x; € U[f(x;,d) > f(x;,d)}.

And the following properties of dominance relations are trivial by
above definitions.

Proposition 2.1 (see[5-10]). Let R; be a dominance relation. The
following properties hold.

(1) R; is reflexive, transitive, but not symmetric, so it is not an
equivalence relation.

(2) If B C A, then R; CR;.

(3) If B C A, then [x]; C [xi]5-

(4) If x; € [xi];, then [x;]; C [xi]; and [x]; = U{[xls|x; € X5}

(5) ila = (s iff fixia) = fix; a) for all a € A.

(6) |[xi]5| = 1 for any x; € U.

(7) U/R; constitute a covering of U, ie., for every x € U we have
that [x]; # 0 and U,y [X]5 = U.

where | - | denotes the cardinality of a crisp set.

For any subset X C U and A C AT in I~, the lower and upper
approximation of X with respect to the dominance relation R; can
be defined as follows (see [5-10]):

Ri(X) = {x e U[lX; CX}; R;(X)={xeU|xj5nX0}
Unlike classical rough set theory, one can easily find that

{xeUlxz X} # | J{Ix5IIx5 € X}
and

{x e Ul nX =0} = | J{XxIx]; N X = 0}.

Definition 2.2 (see[5-10]). LetZ; = (U,Cu{d},V,f) be an ordered
information system with decision. If RZ CRj, i.e., U/R: < U/Rj,
which is defined by Vx; € U, [x]> C [x];, then this information
system is consistent. Otherwise, this information system is an
inconsistent ordered information system and denoted shortly as
I0IS.

Example 2.1. An ordered information system with decision is pre-
sented in Table 1 and it is denoted by 75 = (U,Cu {d},V,f), where

U= {x1,Xs,...,Xs}, C={ay,a;,as}, d is the decision attribute.

Table 1

Z7: An ordered information system with decision.
U a, a as d
X1 1 2 1 3
X2 3 2 2 2
X3 1 1 2 1
Xa 2 1 3 2
Xs 3 3 2 3
X6 3 2 3 1

From the above table, one can calculate the dominance classes
with respect to condition attributes in C and obtain that

Xilc = {x1,X2, %5, X6 };
Xalc = {X2, X5, X6};

Xalc = {X2,X3,%4, X5, X6 };
Xalc = {Xa,X6};

Xsle = {xs};

el = {xs}.

Assume X = {X5,x3,Xs}, then
RE(X) = {xs}, RE(X) = {X1,X2,X3,X5}.

Moreover, we can have the dominance decision classes

Xilg = [Xslg = {x1,%5};
[Xzﬁ = [Xa]g = {X1,X2,X4,X5};
[Xﬂt? = [XG]g = {x17X2ax37x4-,x57x6}-

Obviously, x|z € [x]7 fori=1, 2, 4, i.e, R= ¢ R; . So the system in
Table 1 is an inconsistent ordered information system.

3. Possible and compatible distribution reductions based on
rough set in 10IS

3.1. Theories of possible and compatible distribution reductions based
on rough set in I0IS

Let 75 = (U,Cu{d},V,f) be an inconsistent ordered informa-
tion system. RZ,R; are dominance relations derived, respectively,
from condition attribute set C and decision attribute set {d}. For
any B C C, denote

U/R; = {5 < U},

U/R; = (D1.Ds.... Dy},

05 (x) = {Djl[x]s ND; # 0,x € U},
500 = {Djixl; CDy.x € U},

then o} (x) and 65 (x) are called, respectively, possible distribution
function and compatible distribution function with respect to attri-
bution set B.

From the above, we can have the following properties
immediately.

Proposition 3.1. Let 75 = (U,Cu{d},V,f) be an inconsistent
ordered information system. The following properties hold.

(1) If B C G, then o7 (x) C 05 (x) and 55 (x) C 65 (x),Vx € U.
(2) If [x]; C [y]5, then o5 (x) C o5 (y) and 55 (y) C 95 (x),Vx,y € U.

Definition 3.1. Let 7; = (U,Cu{d},V,f) be an inconsistent
ordered information system. B C C.

(1) If 05 (x) = 0z (x) for all x € U, we say that B is a possible distri-
bution consistent set of T75. If B is a possible distribution consis-
tent set, and no proper subset of B is a possible distribution
consistent set, then B is called a possible distribution consistent
reduction of Z5.

(2) If 65 (x) = 0z (x) for all x € U, we say that B is a compatible dis-
tribution consistent set of T75. If B is a compatible distribution
consistent set, and no proper subset of B is a compatible distri-
bution consistent set, then B is called a compatible distribution
reduction of Z5.
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Example can be more explainable and the inconsistent ordered
information system in Table will be still employed in this section to
illustrate the possible and compatible distribution reductions.

Example 3.1. Continued From Example 2.1For the inconsistent
ordered information system in Table 1, if we denote

Dy = [xi]g = [Xs]g,
D, = [Xa]g = [Xalg,

Ds = [x3]; = [Xe]7,

then we can have

0% (%) = 0% (X2) = 05(x3) = 67 (x5) = {D1,D2,Ds};
0¢(x4) = {D2,Ds};
0¢(xs) = {D3}.

And

3¢ (x1) = 07 (%2) = ¢ (x3) = 37 (Xa) = 6¢ (%) = {Ds},
3¢ (xs) = {D1, D3, Ds}.

If we take B = {ay,as}, then it can be easily checked that [x]> = [x]5
holds for all x € U. That is to say, o5 (x) = o7 (x) and 5 (x) = 55(x)
hold for all x € U. Thus B = {a,,as} is a possible and compatible dis-
tribution consistent set of Z7. Moreover, we can have that {as} is
neither a possible nor a compatible distribution consistent set and
{a,} is a compatible but not a possible distribution consistent set
of Z5. Thereupon, we know that {a,,as} is a possible distribution
reduction and {a,} is a compatible distribution reduction of Z5.
Furthermore, if we take B’ = {a;,as}, it can be obtained that

[X1]5 = {X1,X2,X3,X4,X5,X6 };

-

[X2]p = {X2,%5,X6};

X3lg = {X2,X3,Xa, X5, X6 };
Kaly = {Xa,%X6};

Xs]y = {X2,Xs,X6};

Xsly = {X6};

and

05 (X1) = 05 (%) = 05(x3) = 05(xs) = {D1,D2,D3};
J;(X4) ={D,,Ds};

0y (s) = {Ds},
dy (%) = {Ds},

We can easily verify that o7 (x) = oz (x) for all x € U. So B' = {ay,as} is
also a possible distribution consistent set of Z7. However, we can
find and verify that &3 (xs) # 6z (xs). Thus, B” = {a;,a3} is not a com-
patible distribution consistent set of Z7. Besides, it can be directly
calculated that {a;} is neither a possible distribution consistent
set nor a compatible distribution consistent set of Z7. Hence,
B” ={ay,as} is also a possible distribution reduction of Z7.
In addition, if take B” = {a;,a,}, we have

i=1,2,...,6.

Xilp = {X1,X2,X5, X };

Xalp = {X2,Xs,X6};

sl = {X1,X2,X3, X4, X5, X };
[Xalg = {X2,X4,X5,X6};

Xslp = {xs};

[Xa]gw = {X2,X5,Xs},

and

5;,/ (X]) = 5;, (Xz) = 55,/ (X3) = 5;,()(4) = 5;, (Xe) = {D3};
0%/(xs) = {D1,D2,D3};
05, (Xi) = {D1,D2,Ds},

I i=1,2,...6.
It can be easily known that 57, (x) = 6z (x) for all x € U. So B” = {ay, a5}
is also a compatible distribution consistent set of Z7. However, we
can find and check that 67, (x4) # 0% (X4) and 63 (Xs) # 0% (Xg). Thus,
B’ ={ay,a,} is not a possible distribution consistent set of 77.
From the above, one can obtain that there exist two possible
distribution reductions of 75 of the system, which are {a;,as} and
{ay,as}, and there exists only one compatible distribution of the
system, which is {a,}.
Detailed judgment theorems of possible and compatible distri-

bution reductions will be proposed in the following.

Theorem 3.1. Let 7; = (U,CU {d},F,G) be an inconsistent ordered
information system with decision and B C C. B is a possible
distribution consistent set of I if and only if ¢z(x)Noz(y) #
Gz (y) = [Xl5 N Y]z # [v)5 holds for any x,y € U.

Proof. “ = " Assume that gz (x) N 07 (y) # 07 (¥) = X505 # V5
doesn’t hold, that implies [x]5 N[y]5 = [y]5. Then [x]5 2 [y]; and
05 (x) 2 05 (y) can be obtained by Proposition 3.1(3). On the other
hand, since B is a possible distribution consistent set of 7%, we have
0Z(x) 2 0Z(y), which is in contradiction with ¢Z(x) NoZ(y) #
oc ().

“«<" We only prove ¢ (x) C g5(x) by Proposition 3.1(1).

For any xyecUoz(x)Noz(y)#0z(y)= x|z N[yl # V5
means that [x]5 N [y]5 = V5 = 0£(X) N6z (¥) = 67(y), and that is
to say [x]5 D [y]5 implies 0z (x) 2 07 (y).

On the other hand, suppose D, € o5 (x), that is [x]5 N Dy # 0.
Assume that y € [x]5 N Dy, then y € [x]; and y € D;. We can obtain
that [x]5 D [y]j is true, which implies 6% (x) 2 6% (y). Since y € [y]7,
we have y € [y]; N Dy, which means [y]; N Dy # 0. So we observe
Dy € 07(y) C oz (x), that is Dy € o7 (x). Thus, we conclude that
05(x) C05(x), i.e, Bis a possible distribution consistent set of 77.

The prove is completed. O

Theorem 3.2. Let T; = (U,CuU {d},V,f) be an inconsistent ordered
information system with decision and B C C. B is a compatible distri-
bution consistent set of I if and only if 5z(x) NSz (y) # 0Z(X) =
XI5 N [ylz # V|5 holds for any x,y € U.

Proof. “=" Assume that Jz(x) Nz (y) # oc(x) = [ N Y5 # V5
doesn’t hold, which implies that there exist xo,yo € U such that
0% (X0) N O (Vo) # 95 (X0) but [xo]5 N [Vol5 = Vol5- That is to say
[Vol5 C [Xo]5- Then we can obtain d5(xo) C 5 (y,) by Proposition
3.1(2). On the other hand, since B is a compatible distribution con-
sistent set of 75, we have o5 (xo) = 65(Xo) and 55 (Vo) = 0= (Vo)
Hence we can get dZ(xo) Cd5(Y,). That is to say dc(xo)™N
0% (¥o) = 05 (x0), which is a contradiction.“=" We only prove
3z (X) C 65 (x) by Proposition 3.1(1).

For any Dy, € 5(x) and any y, € [x]5, we have [y,]5 C [X]5.

From the fact that [x]5N[y]; # [yl always holds while
07(x) N 6z (¥) # 07 (x), we can have the result that 5% (x) Nz (y) =
dz (x) always holds when [x]5 N [y]5 = [y]5 for x, ¥ € U. That is to say
that if [y); C [x], then 7 (x) C oZ (v) holds.

So we can obtain ¢ (x) C 5z (Vo) Therefore Dy € 5z (), in other
words, [yg]& C Dy. Thus we can receive yo € Dy, and that is to say
XI5 C Dy.

Hence, 5; (x) C 5 (x).

This theorem is proved. O
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3.2. Approach to possible and compatible distribution reductions in
10IS

This section provides the approach to possible and compatible
distribution reductions in inconsistent ordered information sys-

tems. Firstly, we present the following notions.

Definition 3.2. Let 7; = (U,Cu{d},V,f) be an inconsistent
ordered information system with decision. For x;, x; € U, we denote,

D, = {(x,%)|0¢ (xi) C 0¢(%))},
{

Dy = {(xi,%:)|0¢ (%) D d¢ (%)},
_ [laeClf(xi,a) > f(x,a)}, (%:,%) € D
Do (%.%) = {Q (xi,%;) ¢ D’
_ {Cl € Cl.f(xi$a) >f(Xj,a)}, (X,‘,Xj) € D;:
D) = { 7 A
and

M= = (uif)nxn7
./\/t(;z = (yij)nxm

where u; = Dy (X3, X;),
where vy = Dy (X;,X)).

Then, D, (x;, ;) and Dy (x;, x;) are called, respectively, possible and
compatible distribution discernibility attributes sets. And matrices
M- and M- are referred as possible and compatible distribution
discernibility matrix of 77 respectively.

Theorem 3.3. Let 75 = (U,CuU {d},V.,f) be an inconsistent ordered
information system with decision and B C C. B is a compatible distri-
bution consistent set if and only if BN Dy-(x,y) # (0 holds for any

*

(x,y) € Dj-.

Proof. “=" Assume that B is a compatible distribution consistent
set of 75. For any (x,y) € Dj-, we can obtain §z(x) D §5(y). From
Theorem 3.1, we have [x]5 N [y]; # [y]5. Thus there exist the follow-
ing three cases between [x]; and [y];, which are (1) x]5 c [y]5, (2)
J; N yl; =0, (3) both [x]; N [V]; C i and [; N ly); C yl;. We
will prove that BN Dy-(x,y) # 0 always holds in every case.

Case 1. If [x]5 C [y];, then there necessarily exists an element
ze[yl5,butz ¢ [x]5.Fromz ¢ [x]5, we can certainly find
an element a € B such that f(x,a) > f(z,a). On the other
hand, the fact fly,a) > flz,a) is true according to
z € [y]5. From the above, we can obtain flx,a) > f(y,a).
Hence, we have a € Dy- (x,y), i.e.,, BN Dg- (x,y) # 0.

Case 2. If [x]5 N [y]5 = 0, then there exists necessarily an element
a € B such that f(x,a) > f(y,a), i.e. BN D;- (x,y) # 0. Other-
wise, if for all a € B, fix,a) > f(y,a) always holds, then we
consider y € [x]5. This is contradiction.

Case 3. The proof is similar to Case 1, because it can also be cer-
tainly found an element z € [y]5, but z ¢ [x]5 in the case.

Thus we can conclude that BN Dy- (x,y) # 0 for any (x,y) € Dj-.

Hence, if B is a compatible distribution consistent set, then
BN Dg-(x,y) # 0, for all (x,y) € Dj-.

“<” If every (x,y) € Dj- satisfies BN Dy- (x,y) # 0, then we can
select an a € B such that a € Dy (x,y). That is f(x,a) > f(y,a), further
y ¢ [x]5. Since y € [y]; is true, we can obtain [x]; N [y]5 # [y]5. On
the other hand, since (x,y) € Dj-, we have dz(x) D 6z (y), which
means Jz(X) NS5 (y) # 5z (x). Hence, we find that 6Z(x) N oz (y) #
3% (x) = [x]; N[y]5 # [v]; holds. Thus we develop that B is a com-
patible distribution consistent set of 75 in term of Theorem 3.1.

The prove is completed. O

Theorem 3.4. Let 7 = (U,Cu{d},V.f) be an inconsistent ordered
information system with decision ans B C C. B is a possible distribu-
tion consistent set if and only if BNDg-(x,y) # 0 holds for any
(x,y) € D;..

Proof. It is similar to Theorem 3.3. O

Definition 3.3. Let 75 = (U,CuU{d},V.f) be an inconsistent
ordered information system with decision, M,- and M- be possi-
ble and compatible distribution discernibility matrices of I7
respectively. Denote
Fo- = A{V{ax|ax € Do (x;, %))}, x;,% € U}

= /\{\/{a,<|ak € Dy~ (Xi,Xj)},Xi,Xj € Djfi },
Fdz = /\{v{ak\ak S D(;z (Xi,Xj)},Xi,Xj € U}

= N{V{ak|ax € Dy-(x;,%;) },x;,X; € Dy }.
Then F,- and F,- are called, respectively, discernibility formulas of
possible and compatible distribution.

Theorem 3.5. Let 7 = (U,CuU {d},V,f) be an inconsistent ordered
information system with decision. The minimal disjunctive normal
form of discernibility formula of possible distribution is

p /3
ng = \/ /\ ds.
k=1 \s=1
Denote B, = {as|s =1,2,...,q,}, then {[B’;«Jk =1,2,... ,p} is the set
of all possible distribution reductions of 5.
Proof. It follows directly from Theorem 3.4 and the minimal dis-
junctive normal to the discernibility formula of compatible distri-
bution. O

Theorem 3.6. Let 77 = (U,CuU {d},V,f) be an inconsistent ordered
information system with decision. The minimal disjunctive normal
form of discernibility formula of compatible distribution is

p .
F5> = \/ </\>a;
k=1 \s=1

Denote BY. = {a/|s=1,2,...,q,}, then {By- |k =1,2,..
of all compatible distribution reductions of Z5.

.,D} is the set

Proof. It is similar to Theorem 3.5. O

Theorems 3.5 and 3.6 provide a practical and effective approach
to possible and compatible distribution reductions of inconsistent
ordered information systems. The following example will be em-
ployed to illustrate the validity of the approach.

Example 3.2. Continued From Example 2.1). Considering the
inconsistent ordered information system showed in Example 2.1,
calculate the possible and compatible reductions of the system by
the above approach.

We have got the functions of possible and compatible distribu-
tion in Example 3.1. Moreover, we can calculate the possible and
compatible distribution discernibility matrices of the system and
list them in Tables 2 and 3.

Consequently, we have

Fy- = (a1 V ay \/ag\/) A (Cl] \/a3) N (a1 \/az) A ds
= ((11 /\(13) V (az /\(13),
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Table 2

Possible distribution discernibility matrix Mg-.
Xi, Xj X1 X2 X3 X4 X5 X6
X1 C C C C C C
X2 C C C C C C
X3 C C C C C C
X4 a, az as a, az C as C
X5 C C C C C C
X6 ay, as as C ay, az as C

Table 3

Compatible distribution discernibility matrix M- .
Xiy Xj X1 X2 X3 X4 X5 X6
X1 C C C C C C
X2 C C C C C C
X3 C C C C C C
X4 C C C C C C
X5 aq, dy, as az aq, ay ay, ay 0 az
X6 C C C C C C

Fe=mA(@mVa)A(aVaVa)=a.

Therefore, we acquire that {a;,as}, {a,,as} are all possible distribu-
tion reductions and {a,} is the noly compatible distribution reduc-
tions of the inconsistent ordered information system in Table 1,
which accord with the results in Example 3.1.

4. Algorithm to acquire possible and compatible reductions in
I0IS based on matrix computation

4.1. Dominance matrices, possible and compatible distribution
decision matrices

In this section, the dominance matrix, possible and compatible
distribution decision matrices are proposed, and some important
properties are obtained in further.

Definition 4.1. Let 77 = (U,Cu{d},V,f) be an inconsistent
ordered information system with decision and B C C. Denote

Mg = (mij)nxm
where

1, x € x5,
my = )
0, otherwise.

The matrix Mz is called dominance matrix of attribute set B C C. If
|B| = I, we say that Mj is a Ith order dominance matrix.

Definition 4.2. Let 77 = (U,Cu{d},V.f) be an inconsistent
ordered information system with decision and Mg, , M3, be domi-
nance matrices of attribute sets B;,B, C C. The intersection of
Mg, and M, is defined by

Mg, " Mg, = (M), N (M), = (MIn{my, mi;}),,, .

1

From the above definitions, the following properties are obviously.

Proposition 4.1. Let Z; = (U,Cu{d},V,f) be an inconsistent
ordered information system with decision and Mg, , M, be dominance
matrices of attributes sets B;,B, C C. The following results always
hold.

(1) m=1.
(2) Mg, s, = Mg, N Mp,.

Definition 4.3. Let 75 =(U,Cu{d},V,f) be an inconsistent
ordered information system with decision. Denote

4 a o 5
1 (), W),
nxn nxn

where

17
sg: {07
A 1,
rg-: {07

The matrix M7 and M, are called, respectively, possible and compat-
ible distribution decision matrices of Z7.

From the above, we can see that the dominance relation of
objects is decided by dominance matrix, and different decision of
objects are decided by possible and compatible distribution
decision matrices.

0z (%) C oz (x:),
otherwise.

S (xi) C oz (%)),
otherwise.

Definition 4.4. Let oo =(a;,ay,...,a,) and g = (by,bs,...,b,) be two n
dimension vectors. If ¢; < b;, (i=1,2,...,n), we say vector o is less
than or equal to vector j3, denoted by o < S.

Definition 4.5. Let My = (01,05, . ..,0,)" and Mg = (B1, B .., Ba)", be
two matrices, o; and f; be row vectors respectively. If o; < i, we
say M, is less than or equal to Mp, denoted by My < Mp.

According to the above two definitions, one can easily find that
dominance matrices have the following properties.

Proposition 4.2. Let Z; = (U,Cu{d},V,f) be an inconsistent
ordered information system with decision and B C C. Mc and Mg
are the dominance matrices, then M¢ < Mg.

4.2. Algorithm based on matrix computation

In the following, we develop the method of matrix computation
for the acquisition of possible and compatible distribution reduc-
tions in inconsistent ordered information systems.

Theorem 4.1. Let I§ = (U,Cu{d},V,f) be an inconsistent ordered
information system with decision and B C C. B is a possible distribu-
tion consistent set if and only if Mg < Mg, where Mg = (mjj)n,n and
Mg = (s" )

ij Tl><fl.
Proof. “=" We need to prove that o5 (x) = oZ(x) for any xe U
implies My < MJ. Since m; =0 < sg is obvious, we only prove
m; =1 = s7 = 1. In fact, we can have that
my =1= X € x5 = [x]; €Kiz = 05() Co5(x)
= 07(%) CoE(x) = 5] =1

“«<" From Proposition 3.1, we have known that 67 (x;) C o5 (x;) for
any x; € U and B C C. So,we only prove oj(x;) C0Z(x;) holds for
any x; € U in the following.

For any Dy € o5 (x;), we have Dy n[x]; # 0. Take x; € Dy N [x]3,
then x; € D and x; € [x;]5. From x; € [x]5, we can obtain my=1.
Since Mg < Mg, we have m;; < S Thus, s§ = 1 holds, which can im-
plies o7 (x;) C 07 (x:).

On the other hand, it is obvious that x; € [x;]7. By x; € D, we can
observe that x; € Dy N [x;]7. Therefore, Dy N [x;]z # § holds, that is to
say Dy € 05 (x)).

From the above, we have that D, € 65 (x;). Hence, 65 (x;) C 07 (x;)
holds for any x; € U.

The theorem is proved. O
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Corollary 4.1. Let 75 = (U,CuU {d},V.f) be an ordered information
system with decision and B C C. B is a possible distribution reduction
if and only if Mg < MJ holds but My < MJ does not hold for any
proper subset B” of B.

Theorem 4.2. Let 75 = (U,CU {d},V.f) be an inconsistent informa-
tion system with decision and B C C. B is a compatible distribution
consistent set if and only if Mg < M;}, where Mg =(Mjj)nxn and
Mg = (1)

/]

nxn*

Proof. “ =" It similar to the proof of Theorem 4.1.

«< " From Proposition 3.1, we have known that &5 (x;) C 67 (x;)
for any x;€ U and B C C. So, in the following, we only prove
0% (%) C o5 (x;) for any x; € U. For V' Dy € 0%(x;) and V x; € [x]5, we
have
XXl =>mj=1=r;=1= 5(%) Cz(x) = Dy € 67 (%)

= [x]” C Dy = x; € Dy = [xi]; C Dy = Dy € 65 (%)

= d¢(xi) C o5 (xi)

The theorem is proved. O

Corollary 4.2. Let 75 = (U,Cu {d},V,f) be an ordered information
system with decision and B C C. B is a compatible distribution reduc-
tion if and only if Mg < Mj, holds but My < M does not hold for any
proper subset B” of B.

From the above theorem and propositions, we can acquire the
following algorithm.

Algorithm 1. Algorithm of matrix computation for acquisition
of possible and compatible distribution reductions in
inconsistent ordered information systems is described as
follows:

Input: An inconsistent ordered information system
= (U,Cu{d},V.f),

where U = {x,X3,...,X,} and C={ay,a,...,ap)}.
Output: All possible and compatible distribution reduc-
tions of Z7.
Step 1 Simplify the system by combining the objects with
same values of every attribute. Check the consistence of
77. If it is inconsistent, calculate ¢, 5 and continue; else,
terminate the algorithm.
Step 2 Calculate possible and compatible distribution
decision matrices of Z; and denoted as follows,

Mg = (J1, 2, - 20)T,
- (717y2‘ 7’))11)1-'

Step 3 Forany a, e, (1
inance matrix

< I < p), compute 1st order dom-

T
(1 (1 1) 1
Miq, :M{:J} = (T ) T; ) 7751))
Fori= 1 to n.
If 0 # r < %, let 7!V = 0. Denote the new matrix by FM ”(}))
If0=1" <y, let 7" = 0. Denote the new matrix by FM’EJ}

Turn into next step.
Step 4 Call matrix FM?HU} and FM‘{’(a‘}a, €C,(1<l<p)tobe
1st order possible and compatible distribution matrices,

respectively.

Algorithm 1 (continued)

(1) If FM‘{’ o =0, then obtain a 1st order possible distribu-
tion reduction {a;}. Otherwise, turn into item (2).

(2) If FMf oy = 0, then obtain a 1st order compatible dis-
tribution reductlon: {a;}. Otherwise, turn into next step.
Step 5 Compute the intersection of two nonzero 1st order
possible (or compatible) matrices obtained in Step 3. The
new matrices are called 2nd order possible (or compatible)

dominance matrices, denoted by M’{’aza)} = FM°Y) mFM‘r ”

{ai}
(Correspondingly, M‘{’fjﬂ | = FM{a}}) N FM‘{’,(J]}) Let B={a, as}
and k= |B|.

Step 6 Denote kth (k < |C|) order possible and compatible
dominance matrices by M5* and M"Y .

T
Mg(k) _ (‘E‘]“k),‘fg(k),...,T”(">> :

R T
M;;“‘) _ (Tau«) 7:2< >,...,r;§“‘)) .

Fori=1 ton.

(1) If gth (g=1,2,...,k — 1) order possible reduction is

included in B turn into the next item (2); else, continue.

For O % r < Ji, let 77 = 0. Denote the new matrix by

FMS® If FM" =0, then obtain a kth order possible distri-

bution reductlon: B.

(2) Ifgth(g=1,2,...,k — 1) order compatible reduction is

included in B, turn into the next step; else, continue.

For 0 # r y let T"“‘ 0. Denote the new matrix by
M" ) lfF " = 0, we acquire a kth order compatible dis-

trlbutlon reduction: B.

Step7 Forany |B'|=|B|=kand B’ # B, let B= B (if any). Go
back to Step 6 and calculate all kth order possible and
compatible distribution reductions. If k < |C|, compute the
intersection of a nonzero kth order possible (or compati-
ble) matrix and a nonzero 1st order possible (or
compatible) matrix; else, go to the next step. The new
matrices are called (k + 1)th order possible (or compatible)

denoted by MIKV = MK =

dominance matrices, e Bola) =

FM5® A M2

{a} (Correspondingly, ~ MJ*™" = M;ﬁ‘;};
M~ FMs)

(o) Let B=B" and k=k+1=|B"| < |C|. Go back
to Step 6 and compute all kth possible and compatible
distribution reductions.

Step 8 Collect and output all possible and compatible dis-
tribution reductions. Terminate the algorithm. OJ

Analysis to time complexity of Algorithm 1

Let 77 = (U,Cu{d},V,f) be an ordered information system.
U= {X1,X2,...,X,} is the simplified universe. The number of objects
in original information system not being simplified is denoted by
ny. There are m condition attributes in C, i.e., |C| = m. The number
of compressed decision classes is r. We take a variable t; to stand
for the time complexity in an implementation. In the next, we
can analyze the time complexity of Algorithm 1 step by step.

The time complexity to simplify the original information system
is n2? for any two objects being compared and denoted by t; = n?.
Since |U|=n, |C|=m and |{d}| =1, the time complexity to classify
by condition attributes and decision {d} are, respectively,
t,=|UP? x |C| and t3 =|U|%. For decision classes being merged by
comparing classes of any two objects, the time complexity is
ts=|U%. Now the consistence of the information system need to
be checked by compare the condition class and decision class of
any object. If the information system is consistent, the time
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complexity to check consistence is |U|. If the information system is
inconsistent, the time complexity to check consistence is less than
|U|. Thus, the time complexity to check consistence is no more than
|UJ, i.e., it is presented as ts < |U|. Then, the possible and compatible
distribution functions can be calculated and the time complexity is
te = 2r x |U]. The time complexity to calculate each of these two
functions is r x |U| and denoted by tg = tJ = r x |U|. The analysis
to Step 1 is finished.

For Step 2, the time complexity to calculate possible and com-
patible distribution decision matrices respectively is denoted by
tg = t2 = |UJ*. Thus, the time complexity to calculate distribution
decision matrices is t; = 2|U?. The time complexity of Step 2 is
completed.

The first two steps are preparations to calculate reductions. The
next Step 3 to Step 7 are the steps which run the operations. There
are C:,, =m subsets {q;} and the dominance matrices are with
dimensions n x n. In addition, the representation C, is the combi-
natorial number which means the number of selections to chose i
elements from m ones. We consider that the judgement of a vector
if it is zero runs one operation and the comparison of two vectors
runs according to the dimension of the vectors. Therefore, the time
complexities to compare M and M) with M, respectively are
|U. And the time complexity to compare every line vector of
My, with zero is |U|. The possible and compatible distribution
matrices are obtained by reassignment values n times. And the
time complexities to process possible and compatible distribution
matrices respectively are both n. Then, we have that the total time
complexity of Step 3 is tg = C} x (3|U* + 3|U|). The judgement in
Step 4 just need to run according to the number of {a;} and the time
complexity is ty = 2CL.

Since we just need to compute the intersection of nonzero 1st
order possible (or compatible) distribution matrices, the maximum
time complexities can be analyzed in the next steps but not the
true ones in computing. Therefore, the maximum time complexity
relies on the number of attribute subsets 2/. The worst case is that
no minimum reduction exists in the information system and all 2/
subsets are calculated in the algorithm. Thus, the maximum time
complexity of Step 5 is tjo = ZC,Zn x |UJ%.

The time complexities of separate functions in Step 6, Step 7 can
be analyzed similarly as the above and they rely on the cardinality
of attribute subset k = |B| in the kth loop. For Step 6, the operations
are judgement if a reduction is included in B and calculation to the
new kth order distribution matrices. Assume that k= |B|(k=
2,3,...,|C)) and it is used as superscript to mark the kth order.
The judgement is briefly treated as a function run one operation
since it can be implemented easily by judging if subset. Therefore,
the maximum time complexity of Step 6 is t¥ =2CKx
(U] + 2|U| + 2). Similarly as Step 5, the time complexity of Step
7 is t441 = 2% x |UJ%. The time complexity of Step 8 will be not
considered since the output runs fast and direct.

From the above analysis, we can know that the maximum time
complexity of the main part in the algorithm (Step 3 to Step 7) is

(9]
tinain = ts + to + t1o + Z (th +1537)
=2

= (JUP +2[U| +3) x 22 —|C] x (JU]* + |U| + 2).

Hence, the maximum time complexity of the main algorithm is
approximately O((|U[? +|U| + 1) x 2/9*2),

If we just compute possible or compatible distribution
reductions, the maximum time complexity of the main part is
t(i

main

= i = (UP +|U| + 1) x 21 4 |C] x (JU| + 1)%.

Then, the time complexity to compute one form of the distribution
reductions is approximately O((|U|? + |U| + 1) x 2!°*1). O

In the following, we will calculate the possible and compatible
distribution reductions manually and illustrate the algorithm by
the inconsistent ordered information system showed in Table 1.

Example 4.1 (Continued From Example 2.1). Calculate all possible
and compatible distribution reductions of the inconsistent ordered
information system in Example 2.1.

From Table 1, we can compute all dominance matrices and the
distribution decision matrix as follows,

1111 1 17
010011
M{:111111'
701011 1)
010011
01001 1,
1100 1 17
110011
111111
Mar=17 1111 1|
000010
1100 1 1]
1111 1 17
011111
011111
Men =10 001 0 1|
011111
00010 1
1111 1 17
111111
A U B R
Mi=lo 1110 1]
111111
00100 1]
1111 1 17
111111
11111
71111111
000010
11111 1]

By comparing matrices Myq,}, M(a,}, M{q,; With M7, we can find that
vectors of 1st, 2nd, 3rd, and 5th rows in matrices Myq,}, M{q,}, M{qy}
are less than those in matrix MJ respectively but it is not not satis-
fied for 4th and 6th rows. So this ordered information system
doesn’t have 1st order possible distribution reduction. And the first
order possible distribution matrices are as follows:

0 00 O0O0OTDO

o(1) _
FM{ﬂl} -

o © © © o
- o = O
o © © © o
o © = O O
- o = O O
- o = O
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0 000 0 07
00O0O0O0O
000O0O0O
a(l) _
FM<“2}_111111
000O0GO0O
111001 1]
0000 0 07
000O0O0TO
000O0O0TO
a(l) _
FM{“s}*oooooo
000O0O0TO
10001 0 1]

Furthermore, 2nd order possible distribution matrices are

0 0 0 0 0 07
0 00O0OTP O
00O0OOTD
o2) a(1) a(l) _
M{ﬂ1ﬂz} - FM{M mFM{Hz} o101 11
00O0O0OTD
(01 00 1 1}
0 0 0 0 0 07
0 00O0OTG O
00O0OOD O
a2) o(1) a(l) _ .
M{mas} - FM{M mFM{as} 10 00O O O}
00O0OOD O
L0 O OO 0 1]
0 0 0 0 0 07
0 00O0OTG O
00 O0O0OD O
6@ o) o)
M{azas} 7FM{02} nFM{as} “1l0 000 OO
0 00O0OTG O
L0 O OO 0 1]
Therefore, we can see that M{") , = M7, |, and all row vectors of

them are less than those of Mj respectively, by comparing
M2 M2 M - and M. Hence, we can obtain all the second

{ayaz}> " Hayaz}> " H{azas}
order possible distribution reductions, which are {a;,a,},{az, as}.
From the above, we have

0 00O0O0OTG O
00 0O0O0OTO
00 0O0O0TO O

a2) o2) _
FM{0103} - FM{GZG3) |0 000O00O
00 0O0OO0OTO O
0 00O0OTG O

Since k=2 <3 and k + 1 = 3, the algorithm is terminated.

Thus, all possible distribution reductions are {ay,as}, {az,as} in
this example.

Similarly, by the above algorithm, we can have that there is only
one compatible distribution reduction {a,} in this inconsistent
ordered information system.

From this example, we can find that the results are same as
those calculated by discernibility matrices in Example 3.2. It can be
easily and intuitively concluded that the matrix computation
algorithm is not only valid but also easily operated for large-scale
information systems since matrix is a very useful and handy tool in
computing.

5. Experimental computing program and case study

Experimental computing program can be designed and carried
out so as to apply the matrix computation algorithm studied in this
paper more directly and applicable. The main design process of the
program will be introduced by the flow chart in this section and
cases are employed to verify the program. The algorithm can be ex-
plained and certified by the cases. The small-scale case will be cal-
culated manually by discernibility matrices to compare and verify
the results with those calculated by the program. The large-scale
case will be used to certified the effective and applicable of the
algorithm we discussed in this paper. From Algorithm 1 the above
section, the process of the program can be designed and listed in
the following Fig. 1: The flow chart of the program.

The small-scale example used in front sections is firstly calcu-
lated by the program and the results are same to those calculated
manually by discernibility matrices. In the following of this section,
the small-scale and large-scale cases will be illustrated and calcu-
lated. Results can explain and certify the matrix algorithm we dis-
cussed in this paper.

This experimental computing program is running on a personal
computer with the following hardware and software configuration.

Names Model Parameters

CPU Intel i5-2410 2.3 GHz

Memory Samsung DDR3 SDRAM 2 x 2GB 1333 MHz
Hard disk West Data 640 GB

System Windows 7 32bit

Platform Matlab Leasehold

The following small-scale case is used to test and verify the
experimental computing program. The possible and compatible
distribution reductions will be calculated manually by discernibil-
ity matrices and the program. Results will be compared to verify
that the algorithm we studied in this paper is correct and effectivt.

Case 5.1. A small-scale inconsistent ordered information system is
presented in the following Table 4. Calculate possible and com-
patible distribution reductions of Table 4.

The condition classes and decision classes are listed, respec-
tively, as follows:

i = {x}; [XzE = {X1,X2,X3,X4, X5, X6, X7, X8 };
Xslc = {X1,X3,X4, X5, X5 }; Xalc = {X1,Xa,%5,Xs};

Xs]c = {Xs,%s}; elc = {X6};

(7] = {X1,X3,X4,X5,X7,Xs};  [Xs]z = {Xs}}

D1 = {X1,X2,X3,X4,X5,X¢,X7,Xg} = [Xl],? = [X3]§ = [Xs]s;

Dy = {X2,X4,X6,X7,Xs} = [X2]7 = [Xa]7 = [X7]T:

D3 = {Xe,Xs} = [X6]g = [Xsg-

Distribution functions are the inception of computation and the
foundation to define distribution reductions. From Section 3, the
possible distribution function and compatible distribution function

can be calculated according to the definition and presented in the
following.

o (x1) = {D1};

05 (X2) = 05 (X3) = 07 (X4) = 05 (X5) = 0% (X6) = O (X7) = OF (Xs)
= {D1,D,,Ds};

J¢(x1) = 0¢ (x2) = d¢ (X3) = O¢ (xa) = d¢ (Xs) = ¢ (x7) = {D1};

d¢ (xs) = 0¢ (xs) = {D1, D3, Ds}.
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Begin: Initialization: Set the number of
decisions and the data file
Read data and simplify
Classify: Classify: Classify:
decision classes condition decision classes
merged classes unmerged

L L | ]

Check
consistence

Consistent

* End:

. * ............................ S
Verify and record S
reductions. Mark °
non-reduction set and =
corresponding =
distribution matrix, =
transmit them to the ®
next step c
2
o
>
(%]
Calculate higher
Calculate higher order
—pp| distribution matrices
dominance matrices
and record the mark
(Control the cycling to calculate all distribution
reductions higher than 2™ ordered)
Fig. 1. The flow chart of the program.
Table 4
Z7: An ordered information system with decision d.
(U,cu{d}) a; a, as ay as d
X 2 3 3 2 3 0
X2 1 1 1 1 1 1
X3 2 2 1 2 2 0
X4 2 2 2 2 2 1
X5 3 2 2 3 3 0
X6 2 3 2 3 1 2
X7 1 1 1 1 2 1
Xg 3 2 3 3 3 2

Moreover, according to Definition 3.2, we can obtain that

DZ'E = {(x17X2)7 (X17X3)7 (X]7X4)7 (X],Xs)., (X17X5)7 (X],X7), (X],Xg)};
Dj,. = {(X6,%1), (X6, X2), (X6,X3), (X6,Xa), (X6, X5), (X5, X7),
(Xs,X]),(Xs,Xz),(X87X3),(Xs,X4),(Xs,Xs),(Xg,X7)}.

The distribution discernibility matrices rely on D;. and Dj . Then,
according to what we have discussed in Section 3, the possible

Table 5

Possible distribution discernibility matrix M,- of Table 4.
Do (xi, X;) X1 X2 X3 X4 X5 Xs X7 Xg
X1 C C C C C C C C
Xo C C C C C C C C
X3 X2, X3, X5 C C C C C C C
X4 X2, X3, X5 C C C C C C C
X5 X2, X3 C C C C C C C
Xo X3, X5 C C C C C C C
X7 C C C C C C C C
Xs X2 C C C C C C C

Table 6

Compatible distribution discernibility matrix M- of Table 4.
Dg- (xi,X}) X1 X2 X3 X4 X5 X6 X7 Xg
X1 C C C C C X4 C X1, X4
X C C C C C X1, X2, X3, X4 C C
X3 C C C C C X2, X3, X4 C X1, X3, X4, X5
X4 C C C C C X2, X4 C X1, X3, X4, X5
X5 C C C C C X2 C X3
X6 C C C C C C C C
X7 C C C C C X1, X2, X3, X4 C C
Xs C C C C C C C

and compatible distribution discernibility matrices of this inconsis-
tent ordered information system can be calculated from Definition
3.2. These two matrices are showed, respectively, in the following
Tables 5 and 6.

From the above two matrices, the discernibility formulas
Fs>= and F;- can be calculated. Furthermore, the possible and
compatible distribution reductions can be obtained.

For =(a1 VA Va3 VasVas)A(a;VasVvas)A(a; Vas)A(asVas) Ad;
=(asVvas)ANay=(a; Aas)V(a; Aas);

F&z :((11 \/(12\/(13\/(14\/(15)/\([11 Va,Vas \/(14)
/\(a1\/a3\/a4\/a5)/\(a2va4)/\a2/\a3/\a4
=0ay; \Naz N dy.

We calculate the distribution reduction by the experimental
computing program and the results are the same to the above ones
obtained by discernibility matrices. We acquire that {a,,as},{az,as}
are possible distribution reductions and {a,,as, a4} is the only com-
patible distribution reduction. The total operating time to compute
this case is 0.653156 s.

During the computing of the above case, we can conclude that
the algorithm we proposed in this paper is more easily computing
than the discernibility matrix method by computers. The only
numbers 0 and 1 in the matrix algorithm can be presented and
computed more easily and faster than the discernibility matrix
method. This is obvious from the binary data representation in
computer internal operating.

In the next case, we employ a large-scale ordered information
system to verify the effective of the algorithm we studied in this

paper.

Case 5.2. An inconsistent ordered information system on animals
sleep is presented in Table 7.

The information system is denoted by Z7 = (U,Cu {d},V,f),
where C is the condition attribute set and d is the single dominance
decision. There are 42 objects which represent the species of
animals and 10 attributes with numerical values in the ordered
information system. The animals’ names are showed in Table 7 and
the interpretations of the attributes will be listed following. The
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interpretations and the units of attributes are represented as
follows:

a;—Bodyweight in kg ag—Maximum life span

(years)
a,—Brain weight in g a;—Gestation time
(days)
as—Show wave (“non-dreaming”) ag—Predation index
sleep (hrs/day) (1-5)
as—Paradoxical (“dreaming”) sleep  ag—Sleep exposure
(hrs/day) index (1-5)
as—Total sleep (hrs/day) d—Overall danger
index (1-5)

By the experimental computing program, the possible and
compatible distribution reductions can be calculated and they
are represented in the following. The operating time to compute
this case is 11.529617 seconds.

The possible distribution reductions are {x3,x4,Xe,X7} and
{%4,%5,%6,%7}.

The compatible distribution reductions are {xgXg,X9} and
{x1,X2,Xs,X9}.

Denote one of the reductions by B. Then, the distribution
reductions can be verified by computing the possible distribution
functions o7 (x),05 (x) and the compatible distribution functions

Table 7
77 : An inconsistent ordered information system on animals sleep.
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% (x), 55 (x). There are 42 condition classes and 5 decision classes in
this ordered information system. Therefore, the distribution func-
tions can be calculated by computers and the results are presented
in the following Table 8.

The subsets in Table 8 are, respectively, B;={X3,X4,Xs,X7},
By = {X4,X5,X6,X7}, B3 ={Xg,X3,X9} and By={x1,X3,Xg,X9}. From
Table 8, one can compare the distribution functions and obtain
that By,B, are sets keep possible distribution functions invariant
and Bs, B, are sets keep compatible distribution functions
invariant. That is, for any x; €U, 05 (x;)=0¢(X),05 ()
0¢ (%), 05, (xi) = 6¢ (xi), and & (x;) = ¢ (x;). Furthermore, we can
conclude that all proper subset of these sets, correspondingly, are
not possible and compatible distribution consistent sets. Hence,
By, B, are possible distribution reductions and Bs, B, are
compatible distribution reductions. The verifying on the results
is completed.

By the experimental computing program, we can control the
codes to output the possible distribution matrices and the com-
patible distribution matrices. From the output results, we can
obtain that FM7*"" = 0, FMg!%) = 0, FM®) = 0 and FM; ™ = 0.
Thus, the algorithm presented in the last section is correct and
effective.

The computing time of the algorithm to different information
systems may be different. And the time relies on the scale of the
information system and how to deal with the matrices with only 0
and 1, sometimes with large amount of 0 in this algorithm.

(U,Cu{d}) a; a, as ay as ag a; ag ag d
X1t African giant pouched rat 1 6.6 6.3 2 8.3 4.5 42 3 1 3
X0 Asian elephant 2547 4603 2.1 1.8 3.9 69 624 3 5 4
X3: Baboon 10.55 179.5 9.1 0.7 9.8 27 180 4 4 4
X4t Big brown bat 0.023 0.3 15.8 39 19.7 19 35 1 1 1
Xs: Brazilian tapir 160 169 5.2 1 6.2 304 392 4 5 4
Xe: Cat 33 25.6 109 3.6 14.5 28 63 1 2 1
X7: Chimpanzee 52.16 440 8.3 1.4 9.7 50 230 1 1 1
Xg: Chinchilla 0.425 6.4 11 1.5 12,5 7 112 5 4 4
Xo: Cow 465 423 3.2 0.7 3.9 30 281 5 5 5
X10 Eastern American mole 0.075 1.2 6.3 21 8.4 3.5 42 1 1 1
X11: Echidna 3 25 8.6 0 8.6 50 28 2 2 2
X12: European hedgehog 0.785 3.5 6.6 41 10.7 6 42 2 2 2
X13 Galago 0.2 5 9.5 1.2 10.7 104 120 2 2 2
X14: Goat 27.66 115 33 0.5 3.8 20 148 5 5 5
X15: Golden hamster 0.12 1 11 3.4 144 3.9 16 3 1 2
X16 Gray seal 85 325 4.7 1.5 6.2 41 310 1 3 1
X17 Ground squirrel 0.101 4 104 3.4 13.8 9 28 5 1 3
X18 Guinea pig 1.04 5.5 74 0.8 8.2 7.6 68 5 3 4
X19: Horse 521 655 2.1 0.8 29 46 336 5 5 5
X202 Lesser short-tailed shrew 0.005 0.14 7.7 14 9.1 2.6 215 5 2 4
X21 Little brown bat 0.01 0.25 17.9 2 19.9 24 50 1 1 1
X22: Man 62 1320 6.1 1.9 8 100 267 1 1 1
X23: Mouse 0.023 0.4 119 13 13.2 32 19 4 1 3
Xa4: Musk shrew 0.048 0.33 10.8 2 12.8 2 30 4 1 3
X25: N. American opossum 1.7 6.3 13.8 5.6 194 5 12 2 1 1
X26: Nine-banded armadillo 3.5 10.8 14.3 3.1 174 6.5 120 2 1 1
Xa7: Owl monkey 0.48 15.5 15.2 1.8 17 12 140 2 2 2
poTH Patas monkey 10 115 10 0.9 10.9 20.2 170 4 4 4
X29: Phanlanger 1.62 114 11.9 1.8 13.7 13 17 2 1 2
X30: Pig 192 180 6.5 1.9 8.4 27 115 4 4 4
X31 Rabbit 2.5 121 7.5 0.9 8.4 18 31 5 5 5
X32: Rat 0.28 1.9 10.6 2.6 13.2 4.7 21 3 1 3
X33: Red fox 4.235 50.4 74 24 9.8 9.8 52 1 1 1
X34: Rhesus monkey 6.8 179 8.4 1.2 9.6 29 164 2 3 2
X35: Rock hyrax (Hetero.b) 0.75 123 5.7 0.9 6.6 7 225 2 2 2
X36: Rock hyrax (Procavia hab) 3.6 21 49 0.5 5.4 6 225 3 2 3
X37: Sheep 55.5 175 3.2 0.6 3.8 20 151 5 5 5
X3g! Tenrec 0.9 2.6 11 2.3 133 4.5 60 2 1 2
X39: Tree hyrax 2 123 4.9 0.5 54 7.5 200 3 1 3
X40: Tree shrew 0.104 2.5 13.2 2.6 15.8 23 46 3 2 2
X41: Vervet 4.19 58 9.7 0.6 103 24 210 4 3 4
X42: Water opossum 35 39 12.8 6.6 19.4 3 14 2 1 1
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Table 8
Distribution functions of animals sleep ordered information system.
oz (%) 38 (X)) o, (%) o5, (x:) ag, (%) o5, (X:) ag, (%) 35, (x) o, (%) o5, (%:)
{D1,Ds3,Ds} {D1,D3,Ds} {D1,D3,Ds} {Ds} {D1,D3,Ds}  {Ds} {D1,D2,D3,D4,D5} {D1,D3,Ds} {D1,D3,D3,D4,D5} {D1,D3,Ds}

{D1,D2,D3,Ds}
{D1,D2,D3,Ds}
{Ds}

{D1,D2,D3,Ds}
{Ds}

{Ds}

{D1,D2,D3,Ds}

{D1,D2,D3,D4,Ds} {D1,D2,D3,D4,Ds} {D1,D2,D3,D4,D5} {D3}

{D3,Ds}
{Ds,Ds}
{Ds3,Ds}

{Ds,Ds}

{D1,D2,D3,D4,D5} {D1,D3,D3,D4,Ds} {D1,D3,D3,D4,Ds} {D3}

{D3,Ds}
{Ds}

{D1,D3,Ds}

{D1,D2,D3,Ds}

{D1,D2,D3,D4,Ds} {D1,D2,D3,D4,Ds} {D1,D2,D3,D4,D5} {D1,D2,D3,Ds} {Dy,

{D1,D2,D3,Ds}
{Ds}

{Ds}
{D1,D3,Ds}

{D1,D,Ds}
{Ds}

(D3}

{D3,Ds}
{D1,D,D5,Ds}

{D3,Ds}
{D1,D2,D3,Ds}

{D1,D2,D3,D4,D5} {D1,D3,D3,D4,Ds} {D1,D3,D3,D4,Ds} {D3}

{D1,D3,Ds}
{Ds}
{D3,Ds}

{D3,Ds}
{D1,D2,D3,Ds}

{D1,D2,D3,D4,Ds} {D1,D2,D3,D4,Ds} {D1,D2,D3,D4,D5} {D3}

{Ds,Ds}
{D1,D2,D3,Ds}

{D3,Ds}
{D1,D2,D3,Ds}
{Ds}

{D1,D2,D3,Ds}
{D1,D,,D3,Ds}
{Ds}

{D1,D2,D3,Ds}
{Ds}

{Ds}
{D1,D2,D3,Ds}
{Ds}

{Ds,Ds}

{D3,Ds}

{Ds,Ds}

{D3,Ds}
{Ds}

{D1,D3,Ds}

{D1,D3,D3,Ds}

{D1,D2,D3,Ds}
{Ds}

{Ds}
{D1,D3,Ds}

{D1,D,D5}
(D3}

(D3}

{D3,Ds}
{D1,D2,D5,Ds}
{D3,Ds}
{D1,D2,D5,Ds}
{D1,D3,D5}
{Ds}

{Ds,Ds}

{D3,Ds}
{D1,D3,Ds}

{Ds}
{D1,D3,Ds}

{D3,Ds}
{D1,D2,D3,Ds}
{Ds}

{D1,D2,D3,Ds}
{D1,D,,D3,Ds}
{Ds}

{D1,D,, D3,Ds}
{Ds}

{Ds}

{D1,D2, D3,Ds}
{D3,Ds}
{D3,D5}

{D3,Ds}

{Ds,Ds}

{D3,Ds}
{Ds}

{D1,Ds,Ds}

{D1,Dy, D3,Ds}

{D1,D3, D3,Ds}
{Ds}

{Ds3}
{D1,D3,Ds}

{D1,Ds,Ds}
(D5}

{Ds)

{D3,Ds}
{D1,D,, D3,Ds}
{D3,Ds}
{D1,D3, D3,Ds}
{D1,D3,D5}
(D5}

{Ds,Ds}

{D3,Ds}
{D1,D;,D3, Ds}

{D3,Ds}
{D1,D3,D3, Ds}

{D3,Ds}
{D1,D2, D3,Ds}
{Ds}

{D1,D2,D3,Ds} {D1,D2,D3,Ds} {D1,D2,D3,Ds} {D1,D2,D3,Ds}  {D1,D,D3,Ds}
{D1,D3,D3,Ds} {D1,D3,D3,Ds} {D1,D3,D3,Ds} {D1,D,D3,D4,Ds} {D1, D3,D3,Ds}
{Ds} {Ds} {Ds} {D1,D4,D3,D4,D5} {D3}

{D1,D2,D3,D5} {D1,D2,D3,Ds5} {D1,D2,D3,Ds} {D1,D2,D3,D4,Ds} {D1, D2,D3,Ds}

{Ds} {Ds} {Ds} {D1,D2,D3,D4,Ds} {Ds}
{Ds} {Ds} {D3} {D1,D2,D3,Ds}  {Ds}
{D3,Ds} {D1,D2,D3,Ds} {Ds, Ds} {D1,D2,D3,D4,Ds} {D1,D2,D3,Ds}

{D1,D2,D3,D4, {Ds} {D1,D2,D3,D4,Ds} {D1,D,,
Ds} D3,D4,Ds}

{Ds} {D3,Ds} {Ds} {D1,D2,D3,D4,Ds} {Ds}
{Ds, Ds} {D3,Ds} {Ds} {D1,D2,D3,Ds}  {Ds,Ds}
{Ds, Ds} {D3,Ds} {D3,Ds} {D1,D2,D3,D4,  {Ds3,Ds}
Ds}
{Ds, Ds} {D3,Ds} {D3,Ds} {D1,D2,D3,D4,  {D3,Ds}
Ds}
{D1,D2,D3,D4, {D3} {D1,D2,D3,D4,Ds} {D1,D,,
Ds} D3,D4,Ds}
{Ds} {Ds,Ds} {Ds} {D1,D2,D3,D4,D5} {D3,Ds}
{Ds} {Ds} {Ds} {D1,D2,D3,D4,Ds} {Ds}
{Ds} {D1,D3,Ds}  {Ds} {D1,D2,D3, {D1,D3,Ds}
D4, Ds}
{Ds} {D1,D2,D3,Ds} {Ds} {D1,D2,D3,D4,Ds} {D1,D,,D3,Ds}

{D1,D2,D3,Ds} {D1,D,,Ds,

D3,D3,D4,Ds} D4, Ds}

{D3} {D11D21D37D5} {D3} {D],Dz,D}.D;‘.DS} {DlvDZVDBvD5}

{Ds} {Ds} {Ds} {D1,D2,D3,D4,D5} {Ds}

{Ds} {Ds} {Ds} {D3} {Ds}

{Ds} {D1,D3,Ds}  {Ds} {D1,D2,Ds, {D1,D3,Ds}
Dy, Ds}

{Ds} {D1,D3,Ds}  {Ds} {D1,D,,D3, {D1,D3,Ds}
D4, Ds}

{Ds} {D3} {D3} {D1,D2,D3,D4,D5} {D3}

{Ds} {Ds} {Ds} {D1,D3,D3,D4,Ds} {Ds}

{Ds, Ds} {D3,Ds} {D3,Ds} {D1,D2,D3,D4,  {D3,Ds}
Ds}

{D1,D2,D3,Ds} {D1,D2,D3,Ds} {D1,D2,D3,Ds} {D1,D2,D3,D4,Ds} {D1, D2,D3,Ds}
{Ds} {D3,Ds} {Ds} {D1,D2,D3,D4,Ds} {D3,Ds}
{D1,D2,D3,Ds} {D1,D2,D3,Ds} {D1,D2,D3,Ds} {D1,D2,D3,D4,Ds} {D1, D2,D3,Ds}
{D1,D2,D3,D4, {D3} {D1,D2,D3,D4,Ds} {D1,Ds,

Ds} D3,D4,Ds}

{D3} {D1,D3,Ds}  {Ds} {D1,D2,Ds, {D1,D3,Ds}
D4, Ds}

{Ds} {Ds} {Ds} {D1,D2,D3,D4,Ds} {Ds}

{Ds, Ds} {Ds,Ds} {Ds} {D1,D2,D3,D4,  {D3,Ds}
Ds}

{Ds} {D3,Ds} {Ds} {D1,D2,D3,D4,D5} {D3,Ds}

{D3} {D],DZ,D},DS} {D3} {D11D27D3vD4vD5} {D],D},DS}

{D1,D2,D3,D4, {Ds} {D1,D2,D3,D4,Ds} {D1,D,,
Ds} D3,D4,Ds}

{Ds} {D3,Ds} {Ds} {D1,D2,D3,D4,Ds} {Ds}
{Ds} {D1,D2,D3,Ds} {Ds} {D1,D2,D3,D4,Ds} {D1,D3,Ds}
{Ds} {D3,Ds} {D3} {D1,D2,D3,D4,D5} {D3,Ds}

{D1,D2,D3,Ds} {D1,D3,D3,Ds} {D1,D2,D3,Ds} {D1,D2,D3,D4,Ds} {D1, D2,D3,Ds}
{Ds} {Ds} {Ds} {D1,D2,D3,D4,D5} {D3}

{D1,D2,D3,D4,Ds} {D1,D2,D3,Da,

{D1,D2,D3,Ds}  {D1,D,D3,Ds}
{D1,D2,D3,D4,Ds} {D1,D3,D3, Ds}

{D1, {Ds}
D3,D3,D4,Ds}

{D1,D2,D3,D4,Ds} {D1,D;,D3, Ds}
{D1, {Ds3}
D5,D3,D4,Ds}

{D1,D,, {Ds}
D3,D4,Ds}

{D1,D2,D3,D4,Ds} {D1,D;,D3,Ds}
{D1,D3,D3,D4,Ds} {D1,D2,Ds,
Dy, Ds}
{D1,D2,D3,D4,Ds} {D3}
{D1,D2,D3,D4,Ds} {D3,Ds}
{D1,D3,D3,D4,Ds} {D3, Ds}

{D1,D3,D3,D4,Ds} {Ds, Ds}

{D1,D2,D3,D4,Ds} {D1,D,,Ds,

Dy, Ds}
{D1,D3,D3,D4,D5} {D3,Ds}
(D, {Ds}

D2,D3,D4,Ds}
{D1,D2,D3,D4,D5} {D1,Ds3,Ds}

{D1, {D1,D3,D3,Ds}
Dy,D3,D4,Ds}

{D1,D2,D3,D4,Ds}
Ds}
{D1, {D1,D2,D3,Ds}
Dy,D3,D4,Ds}
{D, {Ds}
D3,D3,D4,Ds}

{D1,D2,D3,Ds}  {Ds}
{D1,D2,D3,D4,Ds} {D1,D3,Ds}

{D1,D2,D3,D4,Ds} {D1,D3,Ds}

{D1, {Ds}
D3,D3,D4,Ds}
{D1, {Ds}
D3,D3,D4,Ds}

{D1,D3,D3,D4,Ds} {D3, Ds}

{D1,D2,D3,D4,Ds} {D1,D;,D3, Ds}
{D1,D2,D3,D4,Ds} {D3,Ds}
{D1,D2,D3,D4,Ds} {D1,D3,D3, Ds}
(D1vD2vD31D4vD5} {DI-D21D31

Dy, Ds}
{D1,D2,D3,D4,Ds} {D1,D3,Ds}

{D1, {Ds}
D3,D3,D4,Ds}
{D1,D2,D3,D4,Ds} {D3, Ds}

{D1,D3,D3,D4,Ds} {D3,Ds}

{D1,D,, {D1,D3,Ds}

D3,D4,Ds}

{D1,D3,D3,D4,Ds} {D1,D2,D3,
Dy, Ds}

{D1,D2,D3,D4,Ds} {D3}

{D1,Da, {D1,D3,Ds}

D3,D4,Ds}

{D1,D2,D3,D4,Ds} {D3,Ds}
{D1,D2,D3,D4,Ds} {D1,D2,Ds, Ds}
(D, {Ds}
D2,D3,D4,Ds}

Probable mathematical and computing method can reduce com-
puting time. Then, fast computing programs can be designed and

programmed further.

In this section, experimental computing program is designed
and the flow chart is presented. Cases are employed to interpret

the algorithm we proposed in this paper. A small-scale case is
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calculated manually by discernibility matrices and the experimen-
tal computing program. Results are compared to verify the
correction of the algorithm. A large-scale case is calculated by
the program and the results are verified through the definitions of
possible and compatible distribution reductions. Through these
discussion, the algorithm is certified by examples and cases. It is a
correct and effective algorithm to acquire possible and compatible
distribution reductions in inconsistent ordered information
systems.

6. Conclusions

To acquire brief decision rules from inconsistent information
systems, knowledge reductions are needed. Many types of attri-
bute reductions have been proposed based on the Rough Set The-
ory, each of them aimed at a different requirement. It is well
known that most of information systems are based on dominance
relations because of various factors in practise. Therefore, it is
meaningful to study the attribute reductions in inconsistent or-
dered information systems (IOIS). In this paper, possible distribu-
tion reduction and compatible distribution reduction were
proposed in IOIS. The properties and relationships between them
were further discussed. The dominance matrix and decision distri-
bution matrix were proposed in I0IS. Algorithm of matrix compu-
tation to acquire possible and compatible distribution reductions
were introduced and studied, from which we could provide an-
other approach to attributes reductions in IOIS except discernibil-
ity matrix method. An experimental computing program was
designed and the flow chart was pictured in this paper. Examples
and cases were employed to help interpret and understand what
we have studied.

Though ordered information systems we discussed are inconsis-
tent, they are all complete. Since incomplete information systems
are more complicated than complete information systems, further
research of attribute reductions for different requirements in
incomplete ordered information systems are needed. In further re-
search, we will develop the proposed approaches to more general-
ized and more complicated ordered information systems such as
incomplete ordered information systems and fuzzy ordered infor-
mation systems.
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